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Abstract

Analysis of Single Axis Flexure Mechanisms Approaching Ideal Bearing

Characteristics

Siddharth Sood, M.S.
The University of Michigan, 2013

Supervisor: Shorya Awtar

This thesis presents analysis and metrics for comparing the bearing performance
of single axis (linear) planar flexure mechanisms. In particular, analysis of two previously
reported flexure mechanisms — the clamped paired double parallelogram (CDPDP) and
the double parallelogram-double tilted beam (DP-TDP) parallelogram is presented which
offer superior bearing performance compared to some conventionally used designs in
terms of the metrics — range of motion, parasitic/off-axis motions, motion direction and
bearing direction stiffness. Design of a macro-scale experiment in order to validate the
closed form results obtained for the CDPDP mechanism is discussed and some
preliminary results have been reported. Finally, as a case study, a holistic design
procedure for comb-drive actuators employing the CDPDP and DP-TDP mechanisms is
introduced with the objectives of obtaining large stroke with minimum actuator effort.
For the flexure mechanism used, these objectives roughly translate into the goal for
approaching ideal bearing characteristics namely — large range, negligible error motions,
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small motion direction stiffness and large bearing direction stiffness. The devices
designed using this procedure were separately fabricated and were shown to achieve

much larger strokes compared to commonly used comb drive actuator designs.
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Chapter 1: Introduction

Flexure mechanisms comprise of a set of bodies, both rigid and compliant and provide
motion guidance through the elastic deformation of its flexible members [1, 2]. Given
their lack of traditional joints, flexure mechanisms completely eliminate friction and
backlash, leading to smooth, repeatable and maintenance-free operation [3-5]. These
merits make flexure mechanisms suitable for many precision guidance applications [6-
15]. Moreover, their monolithic construction makes them suitable for water-jet and wire-
electric discharge machining at the macro-scale and photolithography based fabrication
techniques at the micro-scale. Thus, compared to their rigid-link counterparts with
movable joints (e.g. revolute and prismatic joints), flexure mechanisms are simpler to
fabricate and assemble thereby reducing cost and maintenance requirements. Finally,
flexure mechanisms can be made very compact and light which is desirable for many

aerospace applications [16, 17] and essential for MEMS [7, 18-22].

Stator / Ground
X Bearing Directions
0
\ Mover / Shuttle / Motion Stage
- - Y
J /Motion Direction
Stator / Ground

Figure 1: A Single Axis Bearing

From the perspective of precision machine design, flexures can be thought of as a means
for providing constraints. Ideally, a constraining element or a bearing should provide
infinite stiffness and zero displacements along certain directions, known as the Degrees
of Constraint (DOC), and allow infinite motion and zero stiffness or resistance in all

other directions, referred to as the Degrees of Freedom (DOF) [23, 24]. Moreover, these
19



attributes of the element remain unchanged over the whole range of motion. However, a
flexure mechanism might fail to provide all of the above. Hence, in order to determine
the quality or the performance of the flexure bearing, there is a need to formulate a set of
metrics that can help compare it quantitatively with other bearing designs based on their
deviation from ideal behavior. We are also interested in revealing and quantifying design
tradeoffs between these metrics for a given flexure bearing. It should be noted that these
would apply to any general non-ideal bearing and not just a flexure based one. All the
analysis done in this thesis would be purely static and dynamic performance metrics like
bandwidth would not be a discussed in great detail although some valuable insights about
them can be obtained from the static analysis. In this thesis, we will focus specifically on
planar single axis linear systems, which can be used as building blocks or modules for
multi-axis systems [23, 25-30]. A single axis system with DOCs (x, §,) and DOF (y) is
shown in Figure 1. Displacements along the x, y and 6 directions are named Uy, U, and 0.
respectively. It is assumed that the out of plane directions (6., 6,, z) would be adequately
constrained and hence, wouldn’t be dealt with specifically here. Thus, for single axis
planar bearings, the metrics are listed below along with their corresponding design

optimization goals that would enable these bearings to approach ideal behavior:

1. Range of Motion (Uy|max)
The range of motion along the degree of freedom () of a single axis flexure bearing is
limited by yielding or fracture of the constituent flexure beams and is thus finite. Thus,

the first objective of the design optimization would be to:

MaXimize (U y |yield/fracture ) (1 1)

2. Error motions (Ex, Ey)
Any deviations from ideal straight line motion along the degree of freedom in the absence
of any external bearing direction loads are called parasitic error motions [23, 24]. The

cause could be elastic deformation or kinematics of the mechanism and/or geometric

20



imperfections due to fabrications and are generally undesirable. Therefore, it is required
to keep these as small as possible over the entire range of motion i.e.

Minimize(E, (U, ) | Eg (U ) lna) (1.2

3. Motion Direction Stiffness (Ky)

In a flexure bearing, the motion direction stiffness is usually small but finite. Apart from
this, it may also vary with increasing displacement (Load-stiffening [31]) which leads to
undesirable non-linearity. Stiffening also leads to an increased actuator effort. For
example, in a comb drive actuator, the actuator displacement is calculated using the
equilibrium relation between the spring and the electrostatic force. An increase in motion
direction stiffness would lead to an increased spring force for the same motion direction
displacement thereby requiring a greater electrostatic force and hence, a greater actuation

voltage [32-34].Thus, we need to impose the following restrictions on Ky:
Minimize(K, (U,) |Uy:0)

] (L.3)

In a general bearing, we would aim to reduce the resistance to motion which could stem

oK. (U
Minimize(ﬂ

y

from a spring stiffness or friction. In applications that emphasize dynamic performance,
this condition may have to be relaxed, or least bounded. This is because Ky dictates the

resonant frequency of the motion systems.

4. Bearing Direction Stiffness (Ky)
The bearing direction stiffness of a flexure bearing is large but still finite. Also, it may
vary, (in some cases, drop very sharply) with increasing y displacement. Thus, over the

whole motion range, the following should be the objectives:
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Maximize(K, (U, ) |, -0, K, (U,) |y, o)

oK,(U,)| (1.4)
o, |

y

K, (U,)|

Minimize(

' oo
The above conditions can also be formulated in terms of the compliance, C=1/K, and
alternatively we can write:

Minimize(C, (U, )|,-,,C,(U,)1,-)

ac,(U,)| lec,,)| (1.5)
| ey,

Minimize[

y |max |max
Depending on the application requirements, we can choose the weighing terms for each

of these conditions in the design optimization of the mechanism.

80pm

Constraint
jrection. (X)

DP-DP Flexure
Mechanism

Figure 2: A comb drive actuator with a flexure bearing[35]

To illustrate the effect of non-ideal bearing behavior on the performance of a device and
application specific design optimization of a flexure mechanism with the above-
mentioned constraints, we can consider the use of flexure bearings in MEMS comb-drive
actuators (Figure 2). Because of their numerous advantages highlighted previously,

flexure mechanisms are often employed to provide motion guidance in these actuators
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[32-34, 36, 37]. The strokes of these actuators get limited because of the phenomenon of
electrostatic snap-in. This occurs when the bearing direction stiffness is inadequate to
resist the electrostatic attraction forces along the same direction causing the moving comb
to snap into the static comb. This limit is usually much lower than the yield/fracture limit
of the flexure bearing and can get lowered further in the presence of error motions. Snap-
in has been analyzed extensively in literature [34, 38, 39] and the maximum displacement
before snap-in with zero error motions of the mechanism is given by the following
equation:
U,U,+U,) _ KeU,) - K,.U,)
G? K,U,) K,U,)

(1.6)

Where, Yy is the initial overlap between the comb fingers, Y is the displacement from the
initial (rest position) of the bearing, G is the separation between the comb fingers in the
absence of any error motions or offsets and K(Uy) and K,(U,) are stiffness of the flexure
mechanism in the bearing and motion direction respectively (Figure 3). The implicit
assumption here is that the rotational stiffness of the mechanism is large enough to be
ignorable. However, if this assumption fails, equation (1.6) must be corrected to include

the rotational stiffness [39]:

K, (U,)
KV(UV)

Where Lo is the distance between the center of stiffness}(COS) [23, 24] of the flexure

2UY(UY+U)’0) rLoff

<
G* 2L, —2(U, +U )+ 1Ly,

(1.7)

mechanism and the tip of the comb fingers (Figure 3) and r is given by:

I The center of stiffness of a mechanism is that at which if a force is applied, the resultant displacement has

no rotational component
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- _3—3((Uy+uy0)/Loﬁ)+((Uy+uy0)/Loﬁ) 3(K, /K, L2, )
3(2—((uy+uy0)/Loﬁ))
(1.8)
» 3—3((Uy+uy0)/|_oﬁ)+((uy+uy0)/Loﬁ) 3(K, /K, L% ) 2+ K,

3(2—((uy+uy0)/|_oﬁ )) K, Lot

If the ratio Kg/(Ky(Lox)?) is greater than 5, the error in the stroke given by equation (1.6)
would be less than 10%. Hence, by choosing dimensions such that the above condition is
satisfied, provided that K, can be varied independent of K, we can assume purely axial

(along x direction) snap-in dictated by equation (1.6).

Stator Comb

Mover Comb

N Fingers

. L cos
Y (Motion Direction)

\6 (Bearing Direction)
Kg

X (Bearing Direction)

U,+Ex

Figure 3: Comb drive Parameters. The displacements of the mover comb in the bearing directions can be
split into error motions (E,,E,) and spring deformations (U,,8;) as shown.
In presence of error motions (Ex and Ey), we can no longer can obtain a simplified
criterion for snap-in like that in equation (1.7). In this general case, the solution can be

obtained numerically using the following steps:

1. At every x and y location, we simultaneously solve the x and & direction

equilibrium equations to obtain the voltage required to maintain equilibrium
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between the electrostatic and spring force. As Uy and 6, are dependent on each
other, we assume Uy as the independent variable and solve for 6, as a function of
Uy. Thus, the voltage obtained is a function of U, and Uy. The equilibrium
relations are given below:
eNHV? { 1 ~ 1
20, HG-(U,+E,)-Ly (6,+E,)) (6-(U,+E)~(Lu —(U, +U,0))(6,+E,))
1 1 } (1.9)

+(G +(U, +E, )+ Ly (6, +E9))_(G (U +E, )+ (L —(U, +U,0))(4, +E9))
:(KY(UV))UX
£NHV 2 1 1
20, {(G_(UXJrEX)){(G—(UX+EX)—LOﬁ (6, +Eg))_(G—(UX+EX)—(LOﬁ (U, +U,0))(6,+E,))) i

In[ G-(U,+E,)-Ly (6, +E,) J_In[ G+(U,+E,)+Ly (6, +E,) ]_ (1.10)

G—(UX+EX)—(LOﬁ —(Uy+uy0))(9z +E,) G+(UX+EX)+(LDﬁ —(uy+uyo))(91+E,,)

(G+(U,+E))) ! - !

(G+(U+E)+L (6,+E))) (G+(U,+E,)+(Ly —(U, +U,0))(6, +E,))
:(Kﬂ(uy))ez

2. The critical voltage at every y displacement is then given as:

Vo u =max (v (ux,uy))

U,eD 1.11
D:{-G<U, <G} (40
3. Finally, the equilibrium relation in the motion (Y) direction gives the voltage

corresponding to a certain Y displacement:

M:(Ky(uy))uy (1.12)

The stroke Uy|max s thus given by solution of the following equation:

*

Uyl Vg (U, ) =V (UyennU) ) (1.13)

If the rotational stiffness is large enough and the rotational error motions are zero i.e. if
we can use a one dimensional model for snap-in, the above set of equations reduce to the

following equation for a non-zero E, [34, 38]:
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|<X(Uy)Z KXC(UV):ZUy(Uy;UyO) 1+752 . EX=24L32 (1.14)
Ky(u,) Ky(u,) G ( ij G raXe
G2

Error motions can be classified into - theoretical arising from the geometry of the
mechanism and those from fabrication imperfections. The former can be obtained using
flexure analysis methods whereas the latter is usually indeterminate during the design
stage. Thus, to include the effect of latter error motions, we include a stability factor S,

analogous to a safety margin, in the above equation to obtain:

3X2
U, (U, +U,,) 1+—=7
y( y yO) G? (1.15)

GZ 2 2
-5
G

Moreover, we can combine the effect of both of these error motions to obtain a total

> KK);C(UY) =(1+59)

()

stability factor (Sy):
3X2
KX(UV)2(1+S 20, (U, +U,,) 1+°57 s, 2Uy(uy2+Uy0) (116
K, (U,) G

Moreover, the above equation can be graphically represented in Figure 4. The maximum
stroke of the actuator would be given by the abscissa of the intersection point between
required stiffness ratio K..(U,)/K(U,) and the available stiffness ratio K(U,)/K,(U,).
This figure also shows the increasing required stiffness ratio due to increasing axial or x

direction error motions (given by equation (1.14)) leading to pre-mature snap-in.
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Figure 4: Generalized Snap-In

Thus, generally speaking, a bearing with a higher available stiffness ratio and small errors
would give a larger stroke. In the design optimization of a comb drive actuator, our
objective is not only increasing the stroke but also minimizing the effort i.e. the number
of comb teeth (N) and the actuation voltage (V) required to achieve that stroke. The
actuator effort can be easily determined using the equilibrium relation between the

restoring spring force and the attractive electrostatic force in the motion direction:
=2 _—NV? (1.17)

Where ¢ is the permittivity of free space and H is the out-of-plane depth of the comb
fingers. Eliminating G between equation (1.17) and a simplified version of equation
(1.16) with zero initial overlap, we get:

2

U

(Uy ). [y\ll\r/”a;) =50H{ s 1KXS } (1.18)
y( + tot) @U,=U,

Thus, to maximize the actuation stroke (Uy|max) While minimizing the actuation voltage
(V) and device foot-print (N), it is clear that that one has to maximize the right hand side
of the above equation at the desired Uy|max. However, the above formulation assumes no
constraint on the gap size G which is often limited by fabrication capabilities. Thus, a

constraint equation has to be added to the above optimization problem to ensure that the
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chosen flexure requires a gap size which is greater than the minimum feature size that can
be fabricated using existing processes. The above metric combines the three objectives
given by equations (1.2), (1.3) and (1.4). As mentioned before the yield or fracture limit
of the mechanism is usually much larger than the stroke and hence, maximizing it is not a

critical objective.

Similar constraints exist for electromagnetic actuators employing flexure mechanisms as
linear guides. Off-axis electromagnetic forces can cause instability causing the mover to
crash into the stator [40, 41] and therefore, one has to account for them while designing
the flexure bearings. As before, error motions can further increase the stiffness
requirements for maintaining stability. However, a simplified objective function like the
one in equation (1.18) does not exist in previous literature for this class of actuators. In
general, a flexure mechanism satisfying the objectives listed before would be desirable
for any linear guidance application where significant side loading exists and there is little

or no tolerance for any off-axis motions.

However, this is not easily achieved. Fundamental performance tradeoffs exist in flexure
mechanisms. The parallelogram (P) (Figure 10) and double parallelogram (DP) (Figure
15) flexures are the most commonly used ones for linear guidance applications. In case of
the P flexure, the error motion in the bearing direction is too high. In case of the DP
flexure, the stiffness in the bearing direction drops precipitously with increasing motion
direction stroke. In this thesis, the underlying reasons behind these tradeoffs have been
identified and quantified. Several new flexure mechanisms will be presented which
systematically deal with these tradeoffs using additional topological features and
configurations to bridge the performance gap between a non-ideal flexure bearing and an
ideal bearing. Moreover, wherever possible, closed-form expressions for the stiffness and
error motions, validated experimentally or using finite element analysis, of these

mechanisms will be provided.
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The following list gives the organization of the rest of this thesis and highlights its
specific contributions:

1. Chapter 2 presents the mathematical background, which can be found in previous
literature [23, 24] for analysis in the subsequent sections. This will include the
non-linear static force displacement relations for a lumped compliance beam
obtained using both the Euler-Bernouilli stress-strain relations and strain energy
methods. The yielding criterion for the same beam configuration has also been
derived.

2. A review of some existing flexure mechanisms[1, 23, 24, 42] will be presented in
Chapter 3 along with some closed-form or finite element results for the stiffness
and error motions. The merits and demerits of each of these flexure mechanisms
would be listed along with their causes. It will be shown that a mere shape
optimization / careful dimension selection is not adequate to exceed a certain
performance level. There are hard limits, which can be analytically quantified and

physically explained.

3. Chapter 4 presents two novel flexure mechanisms recently invented by Shorya
Awtar [43]- the Clamped Paired Double Parallelogram (C-DPDP) and the Double
Parallelogram Tilted-Beam Double Parallelogram (DP-DTB), which provide a
considerable improvement in performance compared to the existing mechanisms.
This thesis presents a qualitative discussion on the working of the mechanisms
followed by the derivation of the closed form expressions for the motion and the
bearing direction stiffness of the C-DPDP mechanism. The chapter concludes
with a discussion on possible variations to further boost the performance and

optimization of the mechanisms in the context of comb drive actuators.

4. The setup for experimentally validating the stiffness expressions for the C-DPDP

mechanism is described in Chapter 5. The experimental set-up was previously
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designed by Shorya Awtar and Michael Wang to be modular, reconfigurable and
low cost without compromising the precision and accuracy of the measurements.
Specifically, this thesis presents a detailed discussion on the design and
fabrication of the experimental setup. This is followed by a thorough error

analysis, FEA validation and preliminary results.

. Chapter 6 discusses the optimization of flexure designs — CDPDP and DP-TDP to
obtain large stroke while keeping the footprint to a minimum in a comb drive
actuator. The chapter also includes results from experimental fabrication and
measurements performed by Dr. Mohammad Olfatnia separately, outside of this
thesis, which validate the analytical predictions. Finally, a new metric is proposed
for the comparison of performance of different comb drive actuator designs.
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Chapter 2: Background

A beam is one of the most common flexure elements and with the existing non-linear
static beam bending analysis, we can analyze the performance metrics of several beam
based flexure mechanisms presented in this thesis. While thermal effects can play an
important role in the performance of flexures, we limit our present analysis to only the
structural aspects. The beam flexure analyzed in this chapter has length L and a uniform
rectangular cross-section with height 7 and width H, as shown in Figure 5. As in this
thesis, we deal with only planar mechanisms, a state of plane strain is assumed for the
beam implying that the dimension H >> T. Moreover, the beam is sufficiently slender and

long i.e., L >> T so that bending is the primary mode of deformation.

Section A-A
H FV A
T
Neutral
Y Y. Axis
i <L—>x 2
Uy
Ground Y(X)
Anchor A
< I‘_A X > _’ Ux
< L >

Figure 5: A simple beam with a uniform cross-section

DIRECT APPROACH: BEAM CONSTRAINT MODEL

The mathematical background presented in this section is a summary of work published

previously [23, 24]. All the desired characteristics of a beam can be obtained using the
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principles of solid mechanics. In general, a formulation in mechanics comprises of the

following three components:

1. Constitutive relationships
2. Force equilibrium relations or force compatibility relations
3. Geometric equilibrium or geometric compatibility relations

Each of these components might contribute some non-linearity to the overall force-
displacement relations. As we step through the analysis, some of these would be retained

while others neglected by conducting an order of magnitude analysis.

Constitutive relations relate loads to deformations and are dependent on the material
properties and the geometry. In this case we can directly use euler’s formula for pure
bending given by:
E = M (2.1)
o |
Where M is the moment at a given cross-section in the beam, / is the second moment of
area about the Z axis and for the cross-section shown in Figure 5, is equal to HT/12, pis
the radius of curvature and E =E*/(] -v°), where E " is the Young’s modulus and v is the

Poisson’s ratio for the material. Unless otherwise mentioned, we would use this definition

of E throughout this thesis.

The force equilibrium relations are applied in the deformed beam configuration to
essentially capture the effect of an axial force F) on the load-displacement relations. The

moment at any location (x) along the beam would be given by:
M(X)=M,+F, (L+U,-X)-F (U, -Y) (2.2)

Where the forces F, F,, and moment M. applied at the beam end cause deflections U,, U,

and 6, respectively.
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Finally, the geometric compatibility relation can be given as an expression for the beam

curvature at any given X location along the beam length:

1 = _r ~Y" for small deformations (2.3)

po(1ey?)”
When the curvature expressed in terms of the undeformed beam co-ordinates, the formula
comes out to be slightly different [44]. Typically, the maximum displacement range is of
the order of 0./L. Moreover, as most of the mechanisms analyzed in this thesis have a
single linear DOF, the rotational direction 8 is a DOC. Therefore, the constituent beams
deform in an approximately ‘S’ shape as shown in Figure 6. In this configuration, the
maximum slope is achieved at x=L/2 and for a maximum Y displacement of 0./L, is equal
to about 0.15. For these values, the error in the approximation made in equation (2.3) is
about 3.4% which is small enough to be neglected in order to obtain closed-form

parametric results.

Y Fy A MZ
> Vil
/
Ground
u,=0.1L
Anchor
Z i
< L >

Figure 6: The S-Shaped Beam
Combining the above equations (2.1), (2.2) and (2.3), we obtain the following relation:
EIY' =M, +F,(L+U,-X)-F,(U,-Y) (2.4)

At this point, we introduce a non-dimensionalizing scheme for the forces, displacements

and the dimensions given as:
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Y X U, U, T H
y=— X=— u,=— u,=—* t=— h=—
L L L L L L
(2.5)
F L2 2
moML R ¢ FL
El Y E EI
Using this scheme, equation (2.4) can be rewritten as:
y'=m,+f (1+u,-x)-f,(u,-y) (2.6)
Which can be double-differentiated to obtain:
Y =1y =y =Ky 1, 2K 2.7)

Finally, the above equation can be solved with appropriate boundary conditions to get the
well-known [2] transverse direction load displacement relations:
. k®sinhk u s k?(1—coshk)
" ksinhk—2coshk+2 ' ksinhk —2coshk + 2
o k?(1-coshk) u s k? coshk —k sinh k
* ksinhk—-2coshk+2 7 ksinhk —2coshk +2

The axial displacement comprises of an elastic component, u,® which is a result of pure

(2.8)

axial stretching and a kinematic component, u* which arises from the relation for beam

arc-length conservation given as:
k_ nefty,?
u, = O.SIOy dx (2.9)

Where y’ can be obtained from the solution of equation (2.7). Therefore, the net axial
displacement is given by:

_ e k
u, =u, +u,

_ fx r;l.l r;l.z uy
_k__[uy QZ}L r M@
33 21 22 z

Where k;3=12/¢ for a beam with a uniform rectangular cross-section and:

(2.10)
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k? (cosh” k + cosh—2) - 3sinh k (cosh k —1)

= . 2
2(ksinhk —2coshk +2)
. _ K?(coshk—1)+ksinhk (coshk —1)-4(coshk -1)°
e 4(ksinhk —2coshk +2)°
—k® + k?sinh k (cosh k +2) - 2k (2cosh” k —cosh k 1) + 2sinh k (cosh k —1)
Iy =

4k (ksinhk —2coshk +2)°

Because of their transcendental nature, these equations give little engineering insight into
the nature of the load-deformation characteristics. With a first order series approximation

derived in [24], equations (2.8) and (2.10) can be rewritten as:

f (0) (0) @) @
G wle]es Sl an
z 12 22 z 12 22 z

u, =u, +u, +u,

1 1 kO kY k@ k2 |[u (2.12)
:k_ fx_EI:uy :||:k(l) k(l) — f [u ] k@ k(Z) y
33 12 22 12 22 Z

Where constants k,'j(k) depend only on the beam shape. These are three equations in six
unknowns — three loads and three displacements and represent the beam constraint model
or BCM for a beam flexure. Given any three, the remaining can now be easily solved for
analytically in most cases. The maximum estimated error in the above expressions is less
than 5% for normalized transverse displacements of +0.1 and axial forces and moments

within £10.

Using relations (2.11) and (2.12), we can make some important observations regarding

the characteristics of a beam flexure:

1. Equation (2.11) shows the dependence of the transverse and rotational stiffness on
the axial force, f.. The expression clearly shows the two kinds of stiffness

matrices- the elastic and geometric. It quantitatively captures how the transverse
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stiffness increases in the presence of a tensile axial force and decreases with a
compressive axial force. This effect is often called load stiffening/softening [23,
24] and can be attributed to the extra moment exerted by the axial force in the

presence of a transverse displacement uy.

2. The dependence of the axial stiffness on transverse and rotational displacements
is captured by equation (2.12). The axial displacement has three components- the
first one, ue is a purely elastic component which results from the stretching of the
beam, the second term, u is a purely kinematic component, and is a consequence
of beam arc length conservation and the third term called the elasto-kinematic
term, ue has both elastic and kinematic aspects and arises due to the contribution
of the axial force to the bending moment in the deformed configuration. The
purely kinematic term u, which has no dependence on the axial loads, essentially
quantifies the error motions defined in chapter 1 for a simple beam and thus, is a
metric of the quality of the DOC. The elasto-kinematic term captures the
degradation of the DOC stiffness with increasing DOF displacements.

3. Variations in the beam shape can be incorporated in the above equations without
changing their general form. A basic shape variation shown in the Figure 7 given
below where a rigid section with infinite stiffness is introduced in the center of the
uniform beam. The end sections of the beam have the same cross-sectional
dimensions as that of the uniform beam in Figure 5. The coefficients of the
stiffness matrices in equations (2.11) and (2.12) can be expressed as functions of
the degree of reinforcement or ay. These have been tabulated in Appendix A. It
can be seen that the transverse stiffness matrix becomes unbounded as ag

approaches 02. However, the elastic axial displacement u,® also approaches 0

2 The equations would not be valid in this region as Bernoulli’s assumptions would start to fail. However,

the trend would be; which is intuitively obvious.
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which implies that the nominal axial stiffness would improve significantly. While
considering future designs comprising of beam flexure elements, this can be used
as a parameter for optimization without changing the overall formulation of the
problem. It should be noted that this is just one of the several possible shape
variations albeit an important one as it highlights the tradeoffs in simultaneously

achieving all the objectives mentioned in chapter 1.

Y
.
Rigid
Section Uy
Ground
Anchor
aol Aol U,
< L >

Figure 7: A lumped compliance beam. In all future instances we would dimension a lumped compliance

beam as follows (length i.e. I, degree of compliance i.e ag) without explicitly showing the rigid section.

4. For beams that deform in an approximate S shape, the yielding criterion and hence
the maximum range can be obtained in terms of the material properties as well as
the applied loads. At any location (x) along the length of the beam, the strain &y
caused due to bending at any y-location along the cross-section of the beam would

be given by:
£, =—— (2.13)

Where c is the y-distance from the neutral axis shown in Figure 5. For a

rectangular cross-section, the maximum strain is achieved at a y distance of T/2
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from the neutral axis. As we are dealing primarily with linear elastic materials, the
stress is directly proportional to the strain and thus, is also largest at the same
locations. Using equation (2.1) for the curvature of the beam, the maximum stress

can be written as:

o | =Eeg, | .= m(gj =0.5Em(x)t (2.14)

Thus, along the length of the beam, the stress is maximum at the anchor or x=0.
However, because of the symmetry of the S shaped beam, the magnitude of this
moment is the same as that at x=L or:

m(x=0)=m,, = f (1-u,)+m,—fu, =—m, =—m(x=L) (2.15)

This has been illustrated in Figure 8.

Tt \ (mz :ez)
Reaction Forces/Moments

| fio | * (f0, uy)
L,,,,,,,,,,,,J \(mZO;ez)
(fxO;ux)
%
7

Figure 8: Symmetry argument for calculating the maximum moment.
Using equation (2.11) and 6.=0 for an S shaped beam:
0 1
m,, = (05K - £,k u, (2.16)

Moreover, the total normal stress at any location is given by the sum of the axial

and the bending stresses where the axial stress is simply given as the axial force
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divided by the cross-sectional area and is uniform over the entire cross-section.
Using non-dimensional forces and dimensions, we obtain:

2
oo = %Gj (2.17)

Therefore, using equations (2.14) and (2.17), the total stress oy is given as:

axial
XX

= 0.5Em, t +0.083Ef t (2.18)
= 0.5Et(0.5ku, + f, (—k{u, +0.167t))

____bending
Uxx = Gxx + 0O

Now using the von-mises stress criterion for yielding, we get:
S

o +3,, <=

n

Where, S, is the yield stress, # is the safety factor, and the stress oy, by equation

(2.19)

(2.18) and 1, 1s the shear stress on the cross-section and is given as the ratio

between the transverse force f, and the cross-sectional area:
Ef
_ y 42
T W Et (220)
With sufficiently slender beams, the 7,, << oy and can be ignored in the rest of the

derivation. Combining equations (2.18) and (2.19), we get:

1 4 S 1
u <= || —— || =X -0.08f.t% |= 2.21
/ (nj[kff)—fokf?j(E *}t (220

Generally, in comb drive applications, this force f; is usually zero or small (in the
presence of error motions) and hence, in that case, it can be excluded from our

analysis in which case equation (2.21) reduces to:

L

For a;=0.5, the above relation further reduces to the familiar relation [23, 31]:

vans
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The above derivation would remain the same for a generalized beam shown in
Figure 7 and therefore, ; 1(0) can be a function of ay. For flexures, 1/t ratios of 50
are common, and S,/F ratios range from 4e-3 for AL-6061 to /e-2 for TI-13. The
safety factor # may be chosen on the basis of stress concentration in the geometry.
For typical values, the maximum deformation u,|max ranges from 0.05L to 0.1L.
We will aim to obtain results for deformations as large as 0./L, but in practice the
deformations are kept well within this number, especially if fatigue loading is
considered. At the micro-scale, this limit is usually much higher than this
although it is not very well defined as the yield limit and the young’s moduli of

the materials are strongly related to the geometry and the fabrication process.

. Arbitrary but constant initial orientations and curvatures of the beam can also be
very easily incorporated in this model [45]. As a special case, the BCM relations
for pre-bent beams are derived here. In a pre-bent configuration, the beam is
initially given a shape such that it exactly mimics the profile of an S-shaped beam
(@ linearly varying curvature and zero end-slope) with a transverse end
displacement of Uypre. This is done so as to shift the x-direction stiffness profile of
a mechanism comprised of these beams which can then be used to increase the

stable working range of motion of comb-drive actuators.
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Figure 9: Pre-bent Beam configuration

The goal of this exercise is to obtain BCM relations for this configuration which
validate the qualitative predictions about the shift in the stiffness profile. The pre-

bent beam configuration is shown in Figure 9. For the linearly varying curvature

also shown, we have:

Yo (X) =15 (1-2x)

2 3
= yo(x):Ko [X_—X—j+C1X+C2 (2.23)
2 3
Applying end boundary conditions i.e.
Y5(0)=0,Y,(0)=,(1)=0 (2.24)

Gives:
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X X
Yo (X) =, (———j (2.25)
Expressing this in terms of the end displacement y,,.,
Yo (X)=U,,. (3x* —2x°) (2.26)
Rewriting equation (2.6):
Yy (X)= Yo (x)=m, + f, (1+u, —x)— £, (u, +uy,. - y(x)) (2.27)

Upon double differentiating the above equation, we get the same result as that
given in equation (2.7) as yo"“(x)=0. However, the boundary conditions would

now become:
y(0)=0,y'(0)=0,y(1)=u, +u,.,y (1)=6, (2.28)
Finally, the load boundary conditions at the beam end, x=1 can be shown to be:
y ()-y, (1)=—F,+f, (y' (1)), y (D)-y,(1)=m, (2.29)

Solving equation (2.7) with boundary conditions given by equations (2.28) and
(2.29), we get:

{fy}{kﬁﬂ kfg)}{uy}r f {kﬁ) kgmuy +uyprej| (2.30)
MoKy ke L] Tk kgL G
Finally, applying beam arc-length conservation i.e.:
1+ul® 1, . 2 LUy +Uypre 1, . 2
.[0 {1+§(y0(x)) }dx:jo {1+§(y (x)) }dx (2.31)
Where:
__ Lo, 232
uxpre - _E kil uypre ( : )

Is the initial kinematic axial displacement of the pre-bent beam. Solving equation
(2.31):

2.33
E —l[u +Uype 6, ] o A —f[u +uy. 6] e+ -u 239
L ] R B I I

z z
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Expressions (2.30) and (2.33) are thus the required force-displacement relations.
Except for the elastic terms in the equations, all other terms exhibit a coordinate
shift along the y direction. This is understandable as firstly, the geometric
transverse stiffness and elasto-kinematic axial displacement are caused by the
extra moment applied by axial force fy which is linearly related to the net
transverse displacement uy+uy,.. Moreover, the net kinematic displacement is
simply the difference between the displacement at the final position (uy+uyp, 6;)
and that at the initial position (uy,r, 0) which can be clearly seen in equation (2.33)
. This equation also shows that the axial stiffness vs uy curve would shift along the
y direction by a displacement of uy, thereby confirming the qualitative

predictions about the stiffness behavior of this beam.

STRAIN ENERGY APPROACH

The above formulation is mathematically tedious as we have to account for all the
internal forces and moments to arrive at the final force-displacement relations. This
becomes especially cumbersome while solving for the characteristics of more complex
mechanisms comprising of several beam elements in a serial or parallel arrangement or
both. Strain energy methods [46] are mathematically more efficient and succinct. A non-
linear strain energy formulation for the beam flexure should be consistent with the
transverse-direction load-displacement and axial direction geometric constraint relations
in the BCM. An explicit non-dimensionalized strain energy expression in terms of the
beam end displacements that accommodates generalized loading conditions, boundary
conditions, initial curvature, and beam shape has been derived in previous literature [47]

and is presented below:
KO K®

2
1 11 2 || Uy
1 | Kot 22 z 1 11 12 || Uy
k {u, 6,

2 KO ©

—kl(lz) kl(zz) u, 2 21 22
legs{uy 0, @ 1o |l
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The force displacement relations are obtained by equating the variation of the above
strain energy expression in response to virtual displacements dux, duy and 06, to the
virtual work done by the external forces, held constant over the entire displacement and
applied at the beam tip i.e.

ov=fou, +fou +ma0, or,
(2.35)

This approach is found to be very powerful for solving problems where simple geometric
relationships exist between the end-displacements of the constituent beams e.g. in a
parallelogram mechanism which would be discussed in greater detail in the next chapter.
However, when this is not possible and end loads dictate these relationships as in a serial
arrangement, equation (2.35) becomes a system of multivariate polynomial equations
which might be almost impossible to solve analytically. In such cases, in order to reduce
the complexity, it is helpful to make blocks comprising of two or more beams for which

the net strain energy can be obtained in terms of the end displacements

Based on the results of this analysis, in chapter 2 we would analyze some existing flexure
mechanisms in terms of the characteristics defined in chapter 1. Wherever possible, we
would obtain the characteristics of these flexure based mechanisms using both the BCM

and the strain energy method and highlight the relative merits of both these approaches.
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Chapter 3: Prior Art

In this chapter we would review the performance characteristics of some conventionally
used flexure mechanisms. The non-linear force displacement relations have been
obtained using the BCM analysis presented in the previous chapter for most of these
mechanisms and with the strain energy method for some. We would do the complete
derivation of the force displacement relations only in the cases where the analysis hasn’t
been done before. In all other cases, we would merely present the results and obtain the

performance metrics ((1) to (4)) based on it.

TWO-BEAM PARALLELOGRAM

A parallelogram [48], shown in Figure 10 provides a constraint arrangement that allows
approximate straight-line motion. The y displacement represents a DOF, while x and 6
are DOC. These displacements are measured at the center of the stage where the forces
and the moments are also applied. These displacements are composed of the differential
displacements caused by the forces and the error motions of the mechanism. The two
beams are treated as perfectly parallel and identical, at least initially, and the stage
connecting these two is assumed rigid. Loads and displacements can be normalized with
respect to the properties of either beam which are the same as those of the simple uniform
beam discussed in the last chapter. In this case, the stage rotation # can be shown to be
several orders of magnitude smaller than the y displacement. Therefore, higher order 6

terms are dropped wherever appropriate in the analysis.

BCM Analysis

The derivation has been covered in [23, 24] and the normalized results are presented
below for small 8s:
f

u ~———7> 3.1
A 4 D (3.1)
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fX 1 21, (1) fx 21,(2)
u, zﬂ—zuykn _?uykll

(3.2)
PR (1

o k——uzkl(f’j[m —u, (2kQ + £.kP)] (3.3)
33
-~
" \\
Ground 4
Anchor

Ground -
Anchor -

—
—

Primary
A,
Stage
(Lag) —

Figure 10: The parallelogram mechanism

Also, the above results are valid for a parallelogram mechanism with a reinforced beam
flexure where the BCM coefficients would be functions of ay

Strain Energy Analysis

For simplicity, we would only consider the uniform beam in this analysis. The strain

energy function [47] of a beam i (where i=1/,2) in the parallelogram flexure as shown in
figure is:

12 Myizi 22 Vzi

2
) (uxi+1(kl(luy,+2k u,0, +k! ez)j
(UX| ! uyl ! 02| ) 2 k33 2

(1o (K, + 2K 20,0, + k6% ) ' (3.4)
%(klfu§i+2k u,0, +k 02)

yi 7z 22 Yzi
The net strain energy of the whole parallelogram will then be given as
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Vy (U Uy, B, Up U5, 0, ) =V (U, Uy, 6, )4V (U, U5, 6, ) (3.5)

However, in order to obtain the force displacement relations at the center of the stage, we
would have to express the strain energy of the system entirely in terms of the
displacements at the center i.e. uy, u, and .. In this case, there exists a simple geometric
relationship between the displacement variables u,;, u,; and 6.; imposed by the rigid link

connecting the two beams:

U, = U, _W(i)Hz
U, =u, (3.6)
ezi = Hz

Substituting the above relations in equation (3.5):
v, (ux,uy,ez)z(kl(f)u§ +2ku, 0, +k 4922)
2
uZ+u, (kl(i)uﬁ + Zkf;)uyez +k(6? ) +£11(k1(?u§ + 2kl(§)uyt92 + kg)ej) + erf) (3.7)

k33

(1— Kss (kl(f)uj +2kPu, 6, +ki26? ))

The above expression can be simplified to a great extent by making some order of
magnitude estimates. However, this must be done carefully so as to obtain relations
consistent with the BCM. In other words, a term can be dropped from the strain energy
expression if the resultant force displacement relations obtained using equation (2.35)

remain unchanged or approximately the same upon doing so.

Using relations (3.1), (3.2) and (3.3), we can set upper bounds on the displacement
variables. These estimates can also be obtained using finite element analysis. These have

been listed in the table below with their justifications:

Table 1: Order of Magnitude estimates for a parallelogram

Variable Order Justification

Jx +/-10 Model limits
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m, +/-10 Model limits

t 1/50 Typical Dimensions
w 0.3-1.0 Typical Dimensions
uy +/-0.1 Yield Limit

Uy 0(107) Using relation (3.2)
0, 0(107) Using relation (3.3)

For complex systems the strain energy expression like that given in equation (3.7) may
become long and unwieldy. Therefore, it is worthwhile to formulate an algorithm for this

procedure which can be later implemented in code. The steps are outlined below:

1. Asa first step, equation (3.7) can be rewritten as:

Num(N)
N(u.u.. 0 > Nugule;
vp(ux,uy,gz): D((l‘jx ‘:y ,9Z>): Nurng:é) ' ; ' (3.8)
1Ty D.uguy 6;

e
Where a, B, y, a’, f’ and y’ can take non-negative integral values, the Ns and Ds
are real coefficients associated with each of these terms. x and x’ are non-
repeating integers from 1 through Num(N or D) where Num() gives the number of
terms in an expression, associated with every unique tuple (e, g, y) and (a’, £, y’)

respectively.

2. With each term in the numerator and denominator, we can associate a retention

coefficient Ri (i=n/d) which can be either 0 or 1. Therefore,

N(uxfuy,gz)_ ZRnKNKu;zufezy 39
D(ux’“yﬂz) - ZRdK.DK.uj"uyﬁ'ng (3.9)

v, (u,.u,,6,)=

These coefficients determine whether a particular term in the strain energy
expression must be retained or dropped. They would all be initialized to a value of

1.
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3. We would now obtain the three force/moment displacement relations from the

above expression using equation (2.35). Therefore, we can write:

oD ON Num(N) Num(D) o
I R I i N (B e
x TS T 2 = Num(D) Num(D)

ou, D 3 Z:l RdKRdK.((DKDK-)USWVU?/;IQZH'M)

@ m Num(N) Num(D) (Ha X . 310

o, [Naufau DJ 5 R ra. (N0, )+ g ) B0
FV:E: D2 =T Num(®) Num(d) —
! > RdKRdK.((DKDK.)uf*auyﬂ+ﬂgzr+y)

k=1 x'=1

oD ON Num(N) Num(D) i
oy (Vo) B enr (v

Mz:_: 2 =—= Nun’l((vzl)Num(D)
9, D D ) Rd.Rd, (0,0 )ur ) o)

These can be remapped to a new set of coefficients such that:

Num(N) Num(D)

z > Rn.Rd,. ( D,.)(a'+a)uru ””"9”’)
Fx - Num(:Dl) Num(D)
Y. Rd.Rd(( KDK‘)uf*”'uyﬂ*ﬂPj*")

1

Rnx (NX ue a(A)+a'(2) 1 ﬁ'(l)ezy(/l)w'(l))

K=l K
Num(N)*Num(D)

— A=1
~ Num(D)*Num(D)

Rox, ( DXIU;1(1')%'(1')“5(1')%'(1')gzr(ﬂ'w'(ﬂ'))

A=l
Num(N) Num(D)

Z Rn_Rd_. ( D, )(B+ B )ug“ul” 10/”)

Num(D)Num(D) g .
ata + y+,
> Rd,Rd,.((D,D, )uy“u/"o/")
Num(N)*Num(D) L

Ry, (Ny g Oy ig )

— _ k=1
F =

— A=1
~ Num(D)*Num(D)

Rdy,. (Dy;L a(2)ra'(2) ) A (i‘)“fﬂ‘(’h‘)gzy(l')ﬂ'(ﬂ'))

A=l

Num(N) Num(D)

Rn.Rd,.((N.D,.)(7+7")uy“u”6r
L a (8.2 )+ ) (3.11)
z Num(N) Num(D)

z Rd_Rd.,. (( D.D.. ) u;ua'u;wi'gzyw‘ )
Num(N)*Num(D) =

Rnz, (NZA Ara(2) ;’(1)%'(1)927(1%7'(1)-1)
=

= Num(D)*Num(D)

Raz, Dz, w0 gy )

A=l

49



6. At this point, we can use the order of magnitude estimates given in Table 1 to
obtain retention coefficients for the numerator and the denominator for each of the

relations given above. This can be obtained as follows:

z

Ki uPPyiPgr)
i )1 if | Abs A oo |2 Tol
Rki, = M,y yymqiy ( KILULuy 0 ) (3.12)

z

0 otherwise

Where i=x,y or z, K=N or D, k=n or d and Tol is used to eliminate the small
quantities when compared to large ones in the expression. In other words, we
would assign the numerical value of 1 to the retention coefficient if the ratio
between the corresponding term and the maximum term in the sum is greater than
the tolerance (Tol) that we set. The numerical estimates for each of the
displacement variables are used. However, neglecting terms in a sum can
sometimes not be this straightforward. This is because a sum could be composed
of several moderately sized terms which can add up to become comparable to
large ones. As an illustration, consider the set: <50,1,1,1,1...,1>. Using the above
scheme, the retention vector would be <1,0,0,..0>. This is obviously an incorrect
approximation as the sum of a large number of small terms (1) can become
comparable to the large one (50). However, there is a scope for making the

algorithm more robust which can be taken up in future work.

7. Moreover, the retention coefficients obtained in equation (3.12) can be related to
their parent coefficients given in equation (3.9). If Num(D) is the number of terms
in the denominator and Num(N) is the number of terms in the numerator of the
strain energy expression, for the x force displacement relation:

RnXK'+ Num(D)*(x-1) = RnK RdK

RdXK'JrNUm(D)*(Kfl) =Rd_Rd,. (3.13)

k'=12,.,Num(D),x =1,2,.., Num(N)

Now, for the denominator, this relation can be expanded as follows:
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[Rdxi, RaAX, ..., RXy (), ROXNum(0ys1+-ROX oy --RAX (o }
=[Rd,Rd,, Rd,Rd,,...Rd,Rd 5y R

Num(D):I

(3.14)

A simple way to link the parent terms (Rd) to the reduced terms (Rdx) would be to

use the following scheme:

Rd. =Rd. =1if Rdx =1
i j num(D )*(i-1)+
i, j =1 Num(D) (3.15)
Similarly, the numerator can be expanded as follows:
Rnx;, RNX,..., RnXNum(D),RnXNum(D)+l"'RnX2num(D)'"'RnXNum(D)Num(N)j| (3.16)

=[Rd,;Rn;, Rd,Rn,,...Rd, RNy, 5y s+ R yum(oy RMoumeny ]
Finally, we can evaluate the retention vector for the numerator using a simple
scheme shown below:

_Rdi =Rn; =1 if RNXy i (0y-1)+ ] =
i =1, Num(D); j =1, Num(N)

1 (3.17)

Thus, from equations (3.15) and (3.17), we get two different Rds, the union of
which would give the retention vector for the denominator of the strain energy
expression. At the end of this step we have two parent retention vectors associated
with every force-displacement relation ((Rn(F.), Rd(Fx)),(Rn(Fy), Rd(Fy)),
(Rn(M,), Rd(M,))). These retention vectors basically signify the terms that have to
be retained in the original strain energy expression to arrive at the corresponding

approximate force displacement relation.

Finally, the union of the three retention vectors for the numerator (Rn(Fy, Fx, M,))

and three vectors for the denominator (Rd(Fx, Fx, M;)) would give us the final

retention vectors for the strain energy expression i.e.
Rn=Rn(F,)URn(F,)URn(M,)

Rd =Rd(F,)URd(F,)URd(M,) (3.18)

Using relation (3.9) and (3.18), we can now obtain the approximate expression for

the strain energy.
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Using the above algorithm for a parallelogram, the approximate strain energy expression

can be given as:

12 YzMy Z7X7y

gk 020, + kg (2KPKG) — k(K + 2Kk ) 0,uf — k07w J (3.19)
(1— ke (K67 + 2200, + k70

11 Yy

2
[kf;’)u;+k33u§—kss(kff)kf?—o.zs(kﬁ)) )u‘y‘+kﬁ)k33uxuj+2k(°)€u + 2k O

vp(u u ,9):

Moreover, we observe that for the force displacement relations for the x and y directions,
all terms containing &, can be dropped. Therefore, for that case, the strain energy would

be:

2
(k§f>u§ +KypU? — K, (k}?k{? ~0.25(k} | )u;‘ + kﬁ>k33uxu§j

v, (u,.u,,0,)= (3.20)

(1-kekFu?)

Using these expressions we can recover the force displacement relations (3.1), (3.2) and
(3.3) after applying the appropriate retention vectors obtained in step 5.

Performance

The performance of this mechanism can now be quantified in the following manner:

Range of Motion

The range of motion of a parallelogram mechanism is simply the maximum stroke of a
single beam before yielding/fracture as both beams would get displaced by the same
amount because of the geometric constraint imposed by the rigid link. Therefore, the

range of motion would be given by equation (2.22)

Error Motions

Using the definition of error motions,
52



1
e, (u,) =u,(f, =0) =~ ujk{) (3.21)

It is important to note here that the error in the x direction e, only depends on one
mechanism geometric parameter ay and the lower bound of k; 1(1) (ap) is 1.0, which occurs
as ap—0, therefore, this error motion cannot be reduced beyond 0.5uy2. This is a
fundamental limit and is true for any arbitrary beam shape and not just the lumped
compliance one. This result can be obtained using the calculus of variations as follows —
The objective would be to minimize the kinematic x displacement given in equation (2.9)

1.e.
. 1, N2
Mm(o.sjo(y ) dx) (3.22)
Moreover, it is also known that:
1
Lydx:uy (3.23)

Finally, we have the boundary conditions given as:

y(0)=0,y'(0)=0
ygl))= uy, y'((l))= 0 (3.2

Taking the variation of equation (3.22), at the minima, we obtain:
5(J.01(y')2 dx) =0
= [[5(y) dx=0 (3.25)
= J:y‘éy'dx=0
Applying integration by parts on the above equation,
ry'5y'dx = y'jléy'dx—jly"ﬁydx =0
0 Coptt 0 (3.26)
=Yy'oyl, —IO y"oydx=0

Now, y displacement is known at both ends of the beam implying that the variation is
also zero at those points i.e. 5y=0 @ x=0,L. Therefore, the first term in equation (3.26) is

zero and we have:
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joly"aydx ~0 (3.27)

Finally, as the variation dy is arbitrary over the length of the beam except at the ends, we
can write:

y"=0=y'=c=const.vx (0,1 (3.28)
Using equation (3.23), we get:

1 1
J'Oy'dx:uy :>_|‘0+ cdx=u, =>c=u, (3.29)
Thus, the minimum value of error motion will be:
- 17
Mln(ex(uy))z—O.SL uZdx = -0.5u’ (3.30)

It should be noted that throughout the above derivation, no assumptions have been made
regarding the beam shape or the forces applied. Moreover, if the beam is very stiff in the
axial (x) direction, this error motion would dominate the axial displacement uy given by
(3.2).

The theta error motions can be obtained by setting the bearing direction forces/moments
(fc and M,) to zero:

1 (1
e, (u,)= o [k—%—uikl(f’j[—uy(Zng’)] (3.31)

Because of the constraint arrangement, these error motions would be very small and can
be reduced further by increasing the beam separation w or reducing the beam thickness t.
These error motions occur because of the fact that the point of application of the load
(center of the stage) does not coincide with that of the center of stiffness. The force f
which brings about the y displacement applies a moment about this point causing a net
rotation. However, as the y direction is a DoF, this force would be small. Moreover, the
theta direction is a DoC (provided that w is large enough) implying that the rotational
stiffness would be large. Thus, the overall effect would be a negligibly small rotational

error motion. For some typical numbers — t=1/50,w=0.3, u,=0.1, we get e;=1.2e-4 which
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is several orders of magnitude smaller than the x error motion. With ay approaching zero,

this error motion also tends to zero as the mechanism approaches a four bar linkage.

Motion Direction Stiffness

The motion direction stiffness is given by:

of
k, = ﬁ = (2 + f.k) (3.32)
y
Also,
ok
— =0 (3.33)
ou,

Therefore, the parallelogram mechanism has negligible stiffening in y direction with

increasing y displacement and k, can be minimized by increasinga,. As expected, axial

load causes stiffening or softening depending on its action (tension or compression).

Bearing Direction Stiffness

The stiffness in the bearing directions are given by:

=T 2 (3.34)
*ou 1
X (—ujkl(f)]
k33
2
L (3.35)

00,
e
k33

Also, to maximize both these values over the whole motion range, we could minimize the

compliances ¢, =1/k,,c, =1/k, and éc, /éu,,oc, / du, -

1 uk? ) ac
cx=(2k —o oy Tk (3.36)
33 y
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0 =~
W2

11 uki) o, uk?
- ; =—— (3.37)

2k, 2 au, W
Thus, we need to minimize the elasto-kinematic term ki;® to reduce the stiffness drop
and maximize ks3 to increase the nominal (u,=0) stiffness both of which imply reducing

ap.

When we consider objectives (1.1) to (1.4) in conjunction, there is a clear tradeoff in

choosing the value of a, (Figure 11). From Figure 11, we can see that with decreasing ao,

the bearing stiffness increases at a much higher rate than the motion direction stiffness
implying that a low value of ag is favorable for better stiffness performance. A very low
value of ap, would also imply a smaller range of motion and motion direction stiffness
approaching infinity. However, one of the major drawbacks of this mechanism is the

fundamentally large axial error motion which cannot be reduced via any beam shape

optimization.
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Figure 11: Non-dimensionalized performance metrics for a parallelogram mechanism. Parameters: t=1/50,
w=0.3, S,=1GPa, E=169GPa.
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MULTI-BEAM PARALLELOGRAM

In a parallelogram, we can include more beams (n) in the same configuration to obtain a
multi-beam parallelogram (shown in Figure 12). This mechanism would be highly over
constrained according to Grubler’s criterion and for an equivalent rigid link mechanism
with revolute joints, it would function only when the beams are exactly identical and
parallel with little or no tolerance for manufacturing imperfections. However, because of
elastic averaging, small geometric imperfections wouldn’t cause significant over-
constraint in a flexure based mechanism [49]. For this analysis, all the n beams are
assumed to be identical with the same degree of reinforcement ao. Normalization of the
forces and displacement is done with respect to the properties of either beam. Finally, in
order to simplify the final results, the mechanism is assumed to be symmetrical about the
axis parallel to the x axis and passing through the center of the beam shown as a dotted
line in Figure 12. The general case when this is not true can be analyzed without any
added complexity.

+— (Lag) ——

“ . Beamn

Beamii
Win)

T ™ A

(Fyx, Uy)
Beam 3 . W(1)=-W(n)
Ground Primary
Anchor Stage
Beam 2
A4
Beam 1

Figure 12: The multi-beam parallelogram

57



BCM Analysis

This derivation for the force displacement relations for this mechanism is along similar
lines to that for the two beam parallelogram. At tip of the i beam, we would have
reaction forces/moments and displacement pairs (Fyi, Uyi), (Fxi, Uxi) and (Mg, 6;). As
before the rigid stage imposes a geometric constraint on these displacements and we can
write them in terms of the displacements at the center of the stage (Uy, Uy, 6;):

U, =U,
U, ~U, —wé, (3.38)
ezi zHz

Applying the force equilibrium conditions on the free body diagram of the mechanism,
the reaction forces can be related to the forces at the center of the stage as follows:

F, Z F,
F, = Z F, (3.39)

n

M, Z

Now, applying the normalized force displacement relations (2.11) and (2.12) for every i

beam in the mechanism, we get:
{ f, } :[kff) k}H . {kﬁ) k}H
m; | [k kL0 ] [k kG LG
1. 1 k' kg || Uy ki ki || Uy
UXi:k_in_E[uw QZJ KO ko |lg | [uv' ]k@) K@ || o
33 12 22 zl 12 22 zi

Combining relations (3.38), (3.39) and (3.40) and using the small 8 approximation, the

(3.40)

force displacement relations for the multi-beam parallelogram would be given by:
f, =nk{ + f.kPu, o
m, =n(kZu, +k5'0, )+ 1, (kZlu, + ko, )+ — =t 3w (3.41)
(1 k33k11 )

u :W;_Ekn y an
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Strain Energy Analysis

The strain energy method for this case [47] is simpler to apply compared to the direct
BCM because of the existence of purely geometric relationships between the
displacement variables at every beam tip given by equation (3.38). Equation (3.7) can be

modified for the multi-beam case:

X1y
Ek i1
5 Kas (1_ Ky, (kn Uy + 2k1(22)uy0Z + kéi)ef))

1
Vo (U 0)—En(kl(f)uj+2kl(§)uy92+k§2)022)+

2
(u —WO, += (knuy+2k12uyez+kzzef)j (3.42)

The above equation can now be used to obtain the force displacement relations, an
analysis that has been carried out previously[47]. With appropriate approximations, the

results agree with those obtained using the direct BCM method (equation (3.41)).

Performance

Using equation (3.41), the performance metrics can be calculated:

Range of Motion

The range of motion is the same as that of a parallelogram in the absence of bearing
loads. However, with a bearing direction load fy, the range of motion can be calculated

using equation (2.21):

R remr o) N
k11 _ZF(ku )

This shows that the reduction in the maximum range in the presence of a tensile bearing

load can be decreased by adding multiple beams.
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Error Motions
The error motion e, would be the same as that of a two-beam parallelogram. The theta

error motions on the other hand would have a dependence on the rotational stiffness and

would be given by:

e (uy) ! (i—ujkfﬁj[—uy(zkfg))] (3.44)

= n
Z W2 k33
1
i=1

Motion Direction Stiffness
From equation (3.41), the motion direction stiffness is given by:
k, =(nk + f.k?) (3.45)

This shows that the new stiffness is simply the sum of y direction stiffness expressions of
individual beams (with an axial bearing load of fy/n) in the multi-beam parallelogram. An
important observation that we can make from the above expression is that the sensitivity

of the motion direction stiffness to the axial load f, also reduces by a factor of n.

Bearing Direction Stiffness

The bearing direction stiffness expressions are given by:

K= (3.46)

g
33

ky=—"L (3.47)

1
= k@
(k33 11 y

The expression for the x-direction stiffness is simply n/2 times that of a parallelogram.

The advantage of using this mechanism over the two beam parallelogram is not

immediately obvious. This mechanism offers a better way of improving the stiffness
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properties of the two beam parallelogram over merely thickening the constituent beams.
A comparison between a two beam parallelogram mechanism with thickened beams and

a multi-beam one is presented below.

A) Two Beams, T=nTy/2 B) n Beams, T=T, C) Two Beams, T=T, D) n Grouped Beams, T=T,

7

Figure 13: Comparison between the multi-beam and the two beam parallelograms

Consider the three mechanisms shown in the Figure 13. If the forces and moments are
normalized with respect to the properties of the third parallelogram (C), the motion and

bearing stiffness of each of these flexures would be given by:

kA=”—3(2k(°>) o 2
Y 8 " ) 8 I’]2 1 (2), 2
a1 7_k11 uy
4 ) Ky,
o\t o201 K@y2
k7_ 11 uy
3
k =(26) K¢ = 2
L gy
k 11 “y
33

We find that by merely increasing the thickness of the beams, we obtain an n*/8 increase
in the motion direction stiffness but only a nominal stiffness increase of n/2 in the bearing

stiffness. On the other hand, for the multi-beam parallelogram, we obtain a proportional
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increase of n/2 in both the motion and the bearing direction stiffness. This is graphically

illustrated in Figure 14 by comparing the stiffness ratios ky/k,.

a0=0.1 a0=0.5
1 1
0.8t k 0.8t
0.6} 0.6}
0.4f 0.4}
kA A1 C e C A AV C e ©
02l (KX/Ky)/(KX/Ky) 02l (Kx/Ky)/(KX/Ky)
BBy CheC BBy CheC
(Kx/Ky)/(KX/Ky) (KX/Ky)/(KX/Ky)
0 L . . 0 . . .
0 0.05 0.1 0.15 0.2 0 0.05 0.1 0.15 0.2
u u
y y

Figure 14: Stiffness Ratios of the flexures A,B and C

For lower values of a, the effect of elastic stiffness term 1/ks; starts dominating the
elasto-kinematic term kll(z)uy2 and therefore, the advantage of using a multi-beam
parallelogram over the two-beam one would become more prominent as can be seen in
Figure 14. The gain in the rotational stiffness would also be similar as long as the beams
are grouped together at the ends (mechanism D in Figure 13). In that case, the rotational

stiffness would be given as:

(3.49)
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DOUBLE PARALLELOGRAM AND PAIRED DOUBLE PARALLELOGRAM

A double parallelogram (DP) [48] flexure with two parallelogram units connected in
series, and paired double parallelogram (DP-DP) flexure, with two DP units connected in
parallel, are shown in Figure 15. The two rigid stages are referred to as the primary and
secondary stages, as indicated. Loads f,, m,, and fy are applied at the center of the primary
stage. The two parallelograms are identical, except for their beam spacing — w; and ws.
Both parallelograms would have the same magnitude of axial error motions given by
equation (3.21) but in the opposite directions. Thus, these error motions get absorbed in
the secondary stage leading to a theoretically zero net error motion at the primary stage.
As before, the forces and displacements are normalized against the properties of any of

the constituent beams.

Double Parallelogram (DP) Paired Double Parallelogram (DP-DP)
Ground
Ground
“ (L,a0) *7) Anchor Anchor 7]
(Fy1,Uy1) (Fy,Up1) (Fy2,Uy2)
(Mas, 6.) Fel tm, ) (M1, 6.1 Bt 0 (M2, 62)
2W, 2W, > Secondary \ Secondary
St St
(Fxa, Usa) (Fo Uy) (Fx1, Una age (F Ud age (Fx2, Uxa)
Secondary Primary Primary

Stage A Stage Stage
Y ‘ % Ground % Ground
Z X Anchor Anchor

Figure 15: The Double Parallelogram and Paired Double Parallelogram Mechanisms. The forces and

displacements at the secondary stages are also indicated.

BCM Analysis

Applying the results derived for a single parallelogram in the last section sequentially on
the outer and the inner parallelograms, the force displacement relations for a double
parallelogram with no loads (f.;=fy1=m,;=0) on the secondary stage can easily be derived.

The results were derived previously [24] and are presented below for a DP mechanism:
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Force displacement relations in the presence of non-zero loading on the secondary stages

can also be derived using a similar process without any added complexity.

Strain Energy Method

The strain energy for a double parallelogram is simply the sum of the non-dimensional
strain energies (as both parallelograms are identical) of its two constituent parallelograms
given by equation (3.19). This resultant strain energy depends on the displacements of

both the primary and the secondary stages:
Vo (ux,uy,é'z) ( Uy Uy, =6, )+vp (uX —U,, U, —U,,0,-6, ) (3.53)

As in the case of a parallelogram, we can obtain order of magnitude estimates for the

displacement of a double parallelogram using equations (3.50) to (3.52).

Table 2: Order of Magnitude estimates for a double parallelogram

Variable Order Justification
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fx +/-10 Model limits

m, +/-10 Model limits

t 1/50 Typical Dimensions
Wi,W; 0.3-1.0 Typical Dimensions
Uy +/-0.1 Yield Limit

uy +/-0.2 Yield Limit

Uy, Uy] 0(107?) Using relation (3.51)
0.0 0(107) Using relation (3.52)

Using these estimates, we can now formulate an approximate expression for the strain
energy of a double parallelogram. Equating the variation of the strain energy to the sum
of the virtual work done by the forces and moments on the mechanism, we obtain six
force displacement relations — three each at the primary and the secondary stage. Thus,
have:

ov=fou, +fou +ma0,+,ou, + f ou,+m,50, or

f=—wof=—,m= 3.54
“ou T o, 00, (3:54)
ov ov ov
fxl = ! fyl = ’mzl =
ou,, ou, 00,

The retention vectors for the numerator and the denominator of the strain energy
expression (3.53), can be written as:

Rn=Rn(F,)URn(F,)URn(M,)URn(F,)URn(F, )uRn(MZl)

Rd =Rd(F,)URd(F,)URd(M,)URd(F,)URd(F,)URd(M,) (3.55)

Now, in relation (3.54), we have six equations in six (known) forces and six (unknown)
displacements. As the primary stage is the output stage, these equations have to be
reduced to a set of three equations between the forces and displacements at the primary
stage only; implying that the displacements at the secondary stage (ux;, u,;, 0-;) have to

be solved for in terms of those at the primary stage (u., u,, 0-). For each of the force
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displacement relations, we can individually apply their retention vectors (Using equation
(3.12)) to further simplify the problem. We observe that the dependence of the x and y
direction forces on the rotational displacements is weak. Hence, we can decouple these

force-displacement relations from the moment ones:

f, = H (Rnx, Rdx)aﬂ(ux,u arlytyy ), T, =H (Ry, Rdy)%(ux,u Uy, )

u, y
(3.56)
ov ov
f,. = H (Rnx1, Rax1) . (u,.uuy.uy,), f,, =H (Rnyl, Rdyl) = (Ut oy U, )
uxl yl
And,
ov
M, =H (Rnz, Rdz)—(ux,u Xl,uy,uyl,é?z,é?zl),
o9, 3.57
N (357)
M., = H (Rnz1, Rdz1)——(u,,u ,,u,,u,,,6,.6,)
06,
Where H(Rni,Rdi) is the retention operator:
Num(N)*Num(D) ) Num(N)*Num(D)
o (Nilux"(’”)ug“)uffwu‘yﬂ“)...) z RN, (Niluf“)u3(’")ux"f“‘)u;‘i(“...)
H (Rnl’ Rdl) Num(N)f:tm(D) . . ) . = Num(N):;im(D) ) ) . . (358)
; (Diluf(l)uj“)ux‘““)ugl(”...) Z; Rdi, (Diiuf“)u;‘(‘)ufl(“u;‘l(“...)
i=xx,y,yLz,21 .

Using equation (3.56), we can solve for the four displacements in terms of the forces
applied at the primary and the secondary stages. Finally, we can substitute these four

displacements in equation (3.57) to solve for the rotations 6. and 6.;.

Unfortunately, the scheme for approximating ratios of polynomials fails in this case. This
is because dropping terms based on magnitude neglects the possibility of sums of small
or large terms becoming large or small respectively. Particularly, in the expression for f,;
given in equation (3.56), it was observed that the sum of the large terms which were
retained after the approximation procedure was applied, reduced to a small number when
typical magnitudes of the displacement variables were used thereby becoming
comparable to the ‘small’ terms which were dropped previously. Therefore, there was a

huge discrepancy between the approximate and the actual expressions.
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Moreover, without the use of this algorithm the resulting multivariate polynomial
equations turn out to be too complex to be solved even numerically, let alone analytically.
Unless, a better, more robust way is formulated to simplify the force displacement
equations, it is unlikely that this algorithm would yield good results for more complex
mechanisms. In this thesis, this method would not be used for any of the mechanisms

discussed subsequently as there is little merit in doing so.
Performance

Range of Motion

The yield limit of the DP would be the sum of the yield limits of its constituent
parallelograms as they are connected in a serial configuration. As they are identical, it
would just be twice that of a single parallelogram. For the DP-DP mechanism, the yield
limit would be the same as both the DP units are connected in parallel and thus, have the
same deflections. Thus, the maximum displacement of a DP (and DPDP) flexure is:

A

Error Motions
In the absence of any geometric imperfections, the x error motions for a DP mechanism

would be zero. However, the theta error motions would be small but finite arising due to

the same reasons as those in the case of a parallelogram:

&« (uy) =0 , o
_ 11l Ye (0) iz
e, (u,)= 707 (kﬁ — ki J[—kn u, |1+ o (3.60)
1 (1 u
+ = _ VKD ((—y kKO
2w? (k% 4 J k2
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The DPDP mechanism would on the other hand, have zero error motions but because of
symmetry and would have more robustness towards imperfections. It would however,

have a slight stiffening in the motion direction due to conflicting & error motions.

Motion Direction Stiffness

The motion direction stiffness of the DP mechanism is given by:

1) 2
_ 1,(0) (kl fx)
ky =k, _41k—l(1°’ (3.61)
Also,
ok
—2 =0 (3.62)
6uy

An axial load f, causes a net softening irrespective of the direction but the effect is much
smaller than that seen in a parallelogram. This can be explained as follows - when a load
is applied on the primary stage in the positive direction, the inner parallelogram would be
in compression, causing it to soften whereas the outer one would be in tension, thereby
leading to stiffening. The parallelograms would simply reverse roles when the loading is
applied in the opposite direction. As both these parallelograms are in series, these two
effects would oppose each other thereby reducing the sensitivity of the motion direction

stiffness to the axial loading.

Bearing Direction Stiffness/Compliance
The bearing direction compliances of the DP mechanism (For the DPDP mechanism, the
compliances are half those of the DP) are given by:

2 &)

2
1.4 ( 11)

¢, =|—+—2| k@ +1=2 (3.63)
Ky 4 " k)
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Also, the stiffness drops are given by:

aCx u _k(2) (kl(i) )2

Y
| T (0)
ou, 2 K,
2
oCy (W +w, u ki
au, 2wwl )2

(3.65)

The purely elastic term in x-stiffness expression is expected and is similar to the one in
equation (3.36). However, the elasto-kinematic term is significantly different and consists
of the terms k; 1(2) and (k; 1(“)2/k1 1(0) , the latter, being two orders larger than the former
thus dictating the axial compliance. When a y displacement is imposed on the primary
stage, the transverse stiffness values of the two parallelograms would be the same if no
axial loading is applied on the primary or the secondary stage. Thus, this y displacement
gets distributed equally across the two parallelograms leading to half the y displacement
of the primary stage at the secondary stage. When an axial load F; is applied on the
primary stage in the positive direction, the transverse stiffness of the inner parallelogram
increases while that of the outer one decreases (using equation (3.32)). This results in a
proportional redistribution of the y displacement between the two as given by equation
(3.50). In this case, the outer parallelogram would deflect more than that in the unloaded
case (u,/2) whereas the inner one would deflect less. Since the kinematic axial
displacement (u;) of each parallelogram has a quadratic dependence on its corresponding
transverse displacement, and considering the fact that for a parallelogram, the kinematic
component dominates the axial displacement, the net axial displacement of the outer
parallelogram exceeds that of the inner one. This difference results in the unexpectedly
large elasto-kinematic component - (k; /“)2/k1 ' mentioned before causing a precipitous
stiffness drop [23, 24]. The scenario remains the same when the F, is negative, except the
two parallelograms switch roles. The axial stiffness of DP and DPDP mechanisms are
plotted against the transverse displacement (u,) in Figure 16, which shows that the
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bearing stiffness drops by 90% for a u, of 0.1. This is significantly larger than that of the
parallelogram mechanism for the same dimensions and is a serious limitation in the

constraint characteristics of the DP flexure module.

As the motion direction stiffness of the parallelograms have a very weak dependence on
the applied moment, an application of a moment doesn’t cause any significant
redistribution of y displacements. This effect is further attenuated as the parallelogram
mechanism doesn’t have any significantly large kinematic theta error motions which are
strongly dependent on the y displacement. Thus, both the parallelograms have
approximately the same rotational stiffness over the whole range of y displacements and
applied loads. Consequently, the net rotational stiffness of the double parallelogram is

simply the serial sum?3 of the stiffness of the constituent parallelograms.

2500\ DP,DPDP
\\ H
\ —pP
\\
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\ \
1500
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ox \
1000 \
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\
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u
y

Figure 16: Stiffness ratio comparison between the double parallelogram and the parallelogram
mechanisms. T=1/50L, a;=0.5

3 The serial sum is defined as the equivalent spring stiffness of two springs (with stiffness &, and k) in a
series connection i.e. k., =(k;k>)/(k;+k)
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For the double parallelogram we can implement all the basic variations that were
discussed previously — reinforced beam flexures and the use of multiple beams in every
parallelogram. The performance metrics 1 through 4 have been plotted in figure. N
represents the number of beams in every parallelogram and ay represents the degree of
reinforcement. Also, the beams in the parallelograms are grouped at the ends like in
Figure 13 (D). The trends seen in the rotational stiffness and the maximum range are
expected and similar to those seen in the case of a parallelogram. The theta error motions
drop with decreasing ay and increasing N due to the increasing rotational stiffness of the
mechanism and resistance to the moment applied by the motion direction force f, about
the center of stiffness of the mechanism. It is interesting to see that the axial stiffness
ratio remains relatively unaffected with changes in the N and ay. This shows that this
phenomenon is fundamental to the mechanism like the arcuate motion of a parallelogram

and cannot be eliminated without making appropriate topological alterations.
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Figure 17: Non-dimensionalized performance metrics for a double parallelogram mechanism. Parameters:
t=2/(50*N), w,=0.25, w,=0.4, S,=1GPa, E=169GPa.
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Thus, in the transition from a parallelogram to a double parallelogram flexure, while
geometric reversal improves the range of motion of the DOF and eliminates the purely
kinematic component of the bearing displacement, it proves to be detrimental to stiffness

along the X direction DOC.

The axial stiffness drop in the DP mechanism occurs due to the unconstrained motion of
the secondary stages[23, 24]. In other words, the secondary stage accommodates the axial
force f, by displacing in the motion direction. This can be prevented if the stage is
adequately constrained i.e. held at its equilibrium displacement of u,/2 even in the
presence of an axial load [50-53]. Rewriting equation (3.50) and (3.51) for non-zero
forces (fy1, f,1) on the secondary stage (Figure 15), we get:

e fy + fy1

u ~ =
& 2 (Zkl(f) _( fx + fxl)kl(i))
u, f,

(2kD + 1kE)

(3.66)

oy
4y~

2
- (f i le) +u_y(kl(i.) _( fx + fxl)kl(lz))
ok, 8 05
fooul '
U, —Uy :T;_Ey(kﬁ) + kal(lz))

We now have 5 unknowns namely u,, u,, uy;, f;; and f,; and four equations. Choosing f;;
as an input parameter and solving for the remaining variables, we get:
21,
u =——"——
b+ k)

(2f, + fxl)(4(kff> )2 + 4K + 12 (k) )2 _ fyzk1<12>k33) (3.68)
u, =
42K+ 1) K
And,
—_f k@
p- e (ZfX+f”)=—uykﬁ)(fx+k) (3.69)
(2K + £.k7) 2
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Assuming that f,;=0, we notice that the large elasto-kinematic term (k; 1(1))2/k1 1(0) 1S no
longer present in the expression for u, and hence, the stiffness properties of this
configuration are very similar to those of a parallelogram. The required constraint force
Jy1 for the secondary stage can also be calculated (equation (3.69)) and as is perhaps
intuitively obvious, is directly proportional to the axial force f, and the motion direction
displacement u,. Upon investigating further into the effect of £,;, we find that it introduces
an error motion term in u, (u,@f,=0) which might be undesirable. Moreover, if we try to
counter this effect by introducing symmetry in the mechanism like in the DPDP
mechanism, it leads to load stiffening/softening in the motion direction. Setting u,=0 with
no external axial forces applied in equation (3.68), we get:

f | =—0.5f,, =05, (3.70)

internal —
Where fylinternar 1S the force experienced by the left half of the DPDP mechanism shown in
Figure 15. Substituting this in equation (3.68) for uy:

2f,

u, = (3.71)
g (2kl<f> —o.5fxlk§>)

An outward (negative) force f,; would cause load stiffening in the mechanism which
would be undesirable. On the other hand, reversing the direction will cause softening

which would reduce the actuator effort.

Based on the above analysis, in order to rectify the shortcomings of the DP (DPDP)
mechanism we need to impose a constraint which has the following properties:
1. A motion direction constraint force f,; given by equation (3.69) that would
restrain the secondary stages at a displacement of 0.5uy
2. A non-negative bearing direction force fy1. In other words, all x-direction forces

(if any) on the secondary stages must be acting inwards.
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LEVER-DOUBLE PARALLELOGRAM AND LEVER-PAIRED DOUBLE PARALLELOGRAM
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Figure 18: The Lever Double Parallelogram

A method for constraining the motion of the secondary stages using a lever arm like the
one shown in Figure 18 was first proposed by Jones et.al. [48]. The same design was
employed in comb drive actuators by Brouwer et.al [54] and Jerman et. al [53] and was
found to produce a significantly improved range of motion. The lever exactly constrains
the secondary stages to half the displacement of the primary using short flexural hinges
(h1, h2, h3 in Figure 18). A thorough design study of this mechanism does not exist in
previous literature and a very rigorous mathematical analysis wouldn’t be pursued here.
Instead, a few qualitative observations regarding the performance of this mechanism will
be presented which would be supplemented with results from non-linear finite element

analysis.
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Figure 19: Bearing Direction Stiffness K, of the Lever Double Parallelogram (LDP). Parameters:
T=0.0123L, H=0.39L, E=69e9
It can be seen that for the lever to be effective in providing the motion direction
constraint on the secondary stage, the hinge /4/ should have a high rotational (0)
compliance but small transverse (y) direction compliance. We know that the rotational
compliance is proportional to the length of the flexure whereas the y direction compliance
is proportional to the cube of the length. Therefore, reducing the length of the beam
would make it stiffer in the y direction compared to the 8 direction. Consequently, shorter
the length L;, the greater would be the improvement in the bearing stiffness of the
mechanism. As long as hinges /42 and /3 have adequate axial stiffness, their dimensions
wouldn’t significantly affect the bearing stiffness. Non-linear finite element analysis

(using ANSY S#) validates the above claims as shown in Figure 19.

4 With BEAM 4 Elements for the beams, MPC184 elements for the rigid section, NLGEOM (large
deflection static analysis) turned on and shear coefficients set to zero. These settings were used for all FEA

results shown in this thesis.
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The motion direction stiffness of the LDP mechanism is higher than that of the DP
mechanism because of the rotational stiffness of the hinge 4/ adding to the motion
direction stiffness of the DP mechanism. Moreover, this stiffness is inversely
proportional to length of the hinge L; and hence, shortening it would significantly
increase the motion direction stiffness. From Figure 20, we can see that the lever can
cause up-to 95% increase in the base stiffness of the DP mechanism for the required

bearing stiffness.
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Figure 20: Motion Direction Stiffness K, of the Lever Double Parallelogram (LDP). Parameters: same as
those in Figure 19
Thus, shortening L; improves the bearing stiffness but significantly increases the motion
direction stiffness as well. This tradeoff cannot be overcome with any of the beam shape
or multiple beam modifications suggested before and is inherent to the geometry of the
mechanism. Apart from this, another minor drawback is the limited range of motion as
the motion of the lever and the secondary and primary stages in the x direction would

oppose each other causing the motion direction stiffness to increase exponentially beyond
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a certain displacement (Figure 21). However, this effect can be avoided by making L, and

L; large enough while maintaining the bearing direction stiffness.
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Figure 21: Exponential Rise in the motion direction stiffness of the LDP mechanism. Parameters:
L,;=L,=L5=0.1L, rest same as before.
In the next chapter two alternative mechanism designs would be analyzed which can be
optimized to satisfy both the requirements listed in the previous section to obtain
improved bearing stiffness without causing any significant stiffening in the motion

direction.
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Chapter 4: Analysis of the Clamped Paired Double Parallelogram
(CDPDP) and Double Parallelogram — Tilted-beam Double
Parallelogram (DP-DTB)

In the last chapter, we analyzed the reasons behind the precipitous bearing stiffness drop
in the Double Parallelogram Mechanism i.e. the unconstrained motion of the secondary
stages. We also discussed a method, invented previously, of constraining these secondary
stages by using a lever. However, this mechanism has some drawbacks like increased
motion direction stiffness and larger footprint and therefore, there is a scope for further
improvement. In this chapter , the analysis of two flexure mechanisms [43] which
perform better in terms of the metrics defined in chapter 1 is presented. Wherever
feasible, we will provide the complete derivation of the force displacement relations
using BCM and strain energy approaches and a validation of the results using non-linear

finite element analysis.

THE CLAMPED PAIRED DOUBLE PARALLELOGRAM

When we apply an axial force on the primary stage of a DPDP mechanism, the secondary
stages respond by moving in opposite directions from their equilibrium positions at half
the primary stage y displacement. Because of symmetry, these differential displacements

would be equal and opposite as shown in Figure 22.
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Figure 22: Response of the DPDP mechanism to an axial force F,.
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Figure 23: The Clamped paired double parallelogram mechanism. The dimensions of the base DPDP

mechanism are the same as before.

79



In the CDPDP mechanism, the two secondary stages are connected to each other in such
a manner that any relative displacement between the two is prevented. Consequently, the
stages naturally get restrained to a mean position of 0.5U,. This connector, also called a
clamp, comprises a rigid link and two pairs of flexure beams which connect the link to
the secondary stages as shown in Figure 24. Any relative displacement between the two
stages directly translates into the rotation of the link. As the rotational stiffness of the
parallelograms formed by flexure pairs is very large (as it is a constraint direction), the
clamp rotates by a very small amount and hence, the secondary stages have almost equal
motion direction displacements. This satisfies the first requirement for the constraint

force as mentioned in the previous chapter.

1 5 3 F

B —

(Fy,Uy) [

Constraint Requirement 1 Constraint Requirement 2

Figure 24: The constraint behavior of the CDPDP mechanism

Moreover, the clamp provides very small impedance to any motions of the secondary
stages in the x direction as its parallelogram connectors are fairly compliant in this
direction. Even though it doesn’t exactly satisfy the second requirement as the force f,;
and f,, would be acting outwards on the secondary stages, using some basic dimensional
optimization, these forces can be made negligibly small without affecting the bearing

direction stiffness.
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Before we discuss the closed form analysis of this mechanism, we can make a few
qualitative observations regarding the effect of the dimensions of the clamp. Such an
approach can give valuable insights into the working of a mechanism and would be
useful in cases where closed form results can’t be obtained very easily. Broadly speaking,

the two constraint requirements translate into the following:

1. Maximize the rotational stiffness of the parallelograms
Re-dimensionalizing equation (3.35) for the two parallelograms shown in figure,
we get:
_ EH,T; 2W,;

Ko = 121, (12
3 _UZ_k(Z)
12 xi 11

i=12 (4.1)

Thus, we can improve the rotational stiffness by increasing W3, Hsz, T3 or by

decreasing L3

2. Minimize the motion direction stiffness of the parallelograms

Rewriting equation (3.32) in its dimensionalized form with no axial loads (f,=0):

EH,T}
K, :TL;(zkf?) (4.2)

Therefore, we can reduce the motion direction stiffness by increasing L; or

reducing H; and T3.

Considering these two objectives in conjunction, we observe that tradeoffs exist in
choosing the dimensions L3, H; and 73. However, we also notice that we can increase the
rotational stiffness independently by increasing the beam separation 2/¥; as long as the
footprint is not significantly affected. Thus, there is a scope for making the clamp very
effective i.e. achieve the desired bearing direction stiffness without stiffening the motion

direction. In the next few sections, we would analytically derive the bearing direction and
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motion direction stiffness of the CDPDP mechanism. In chapter 6, these results would be
used to optimize the mechanism for maximizing the stroke of a comb-drive actuator with

given footprint and voltage specifications.

BCM Analysis

All forces and displacements are normalized with respect to the beam parameters of the
original paired double parallelogram unit. The mechanism comprises of 6 parallelograms
with 3 force/moment relations each, 3 known forces (at the primary stage), 12 unknown
displacements (3 at the primary stage, 6 at the secondary stages, 3 at the center of the
rigid link) and 6 unknown forces (3 at each secondary stage). Thus, using the direct
approach, we would have a total of 18 equations which in their original form might be
almost impossible to solve analytically. We would therefore, employ a different approach
by making many simplifying assumptions and approximations and eventually arrive at
approximate stiffness expressions which are very close (to within 5% for uy<0.2) to those
predicted by FEA. We would list these assumptions with their justifications as we step
through the derivation. Such an approach can be used for many other complex
mechanisms where a very high accuracy of the results is not required.

Figure 25 shows the free body diagram of a CDPDP mechanism when acted upon by
forces at its primary stage. Writing the force and moment equilibrium relations for just
the clamp, we find that:

—F

X2

Fxl
I:yl y2

M, +M,, =2F,L, +F,(U,-U,,)

(4.3)

z
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Figure 25: Free Body Diagram of the CDPDP mechanism showing internal forces and moments

Assuming that the beam separation in the base DPDP mechanism is large enough, the
rotations 6,; and 6., would be much smaller than the rotation of the clamp 6.;. Therefore,
the parallelograms in the clamp would rotate by the same amount: 6.;. Moreover, we can
relate this rotation to the relative motion direction displacement between the two
secondary stages:

(Uyz _Uyl)

6.=
z3 2L2

(4.4)

Using relation (3.3) for a parallelogram and using the fact that the displacements U,; and
Uy, would be small, we can neglect the contribution of the elasto-kinematic term and
approximately write (For a more detailed justification, the reader is referred to Appendix
B):
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(4.5)

(%TZJ(”M*BJ i
s EH.T} 2W, | 62 EH,T.}
M, _EH NAVA EH,TW, o
2L,

It should be noted that when re-dimensionalizing the equation, the dimensions of the
clamp parallelograms are used. Moreover, the forces Fy; and Fy, can be obtained by using
the motion direction stiffness equation for a parallelogram:

Fa= _Zkl(f) (ag)(%i;}(uxl _st)’ Fo= _2k1(f) (ag){%g;j(uxz _st) (4.6)
Here, we have assumed that the forces Fy; and Fy, do not cause any significant
stiffening/softening in the motion direction (Appendix B). Another point to note here us
that the BCM coefficients ki1 are functionss of the degree of reinforcement of the
beams in the clamp parallelograms ap° as shown in Figure 23. Using equation (4.3), we
can obtain a relation between Uy, Uy, and Uys:

U, +U,
U, :M (4.7
2
Combining relations (4.3), (4.4) and (4.5), we get:
2 (U ,-U
M,+M ,=— 2EH3T3W3 o =2F,L,+F,(U,,-U,,)
3L 2L, (4.8)

2
. Fylz(EHngw3 Ry j(Uyz—Uyl)
2a°L2L, 2L,

At this point, it would be useful to obtain an order of magnitude estimate of the force Fy;.
In the absence of any bearing load (Fx=0), the secondary stages would displace in the y
direction by equal amounts i.e. U,/2. Using equation (3.2) for the outer parallelograms in
DP1 and DP2, we can write:

5 Unless explicitly mentioned, these BCM coefficients are functions of a,, the degree of reinforcement of

the beams in the base DPDP.
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U= =) (af’)[t:_ﬁ] @9)

=>U,,=0
To obtain an order of magnitude estimate, we can assume that the Fy; obtained from
equation (4.6) using the above displacement would remain fairly unchanged when a
bearing direction force is applied. This is valid as in case of a parallelogram, the
kinematic displacement (equation (4.9)) would dominate the elastic and elasto-kinematic
displacements for magnitudes of axial force fy up-to 10. Substituting the expression for
Fy1 using relations (4.6) and (4.9) in equation (4.8):

2 212
R ) g [ [0av) e

Using some typical estimates for the variables involved (Table 2 and Table 3) the latter
term is found to be about four orders of magnitudes smaller than the former. Hence, we
can rewrite the above equation as:

2
~m(uy2_ 1)

"t 2aiLL (4.11)
h3t3W§

adlIZht®

= f,=—f,~n(u,-u,)n=6

The above force displacement relation has been non-dimensionalized using (2.5) w.r.t the
dimensions of the base DPDP mechanism. Similarly, the axial forces Fy; and Fy, can also
be non-dimensionalized:
3

f><1(@ f,=0) :_fxz(@ f,=0) ~ _7U§’7 = kl(f) (axg)kﬁ) (ao)(%tglsj (4.12)
With the above two sets of forces, we can now isolate the clamp from the rest of the
mechanism and analyze the DPDP mechanism with external forces acting on its
secondary stages, similar to the analysis done in the previous chapter. The parameters y

and # essentially capture the effect of the dimensions of the clamp in its entirety.
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Table 3: Typical dimensions for the clamp

Variable Order
I; 0.1-1.0
13 1/50
w3 0.3-1.0
1) 1-2

The rest of the analysis is divided into two parts — In the first one, we would obtain the
motion direction stiffness of the mechanism in the absence of bearing direction force.
This case can be handled very easily using symmetry arguments and the analysis done in
the last chapter. We would conduct a very rudimentary optimization beyond this step to
eliminate some more variables for the subsequent analysis. The second part deals with
obtaining the bearing direction stiffness for a wide range of clamp effectiveness and the

motion direction stiffness in the presence of bearing loads.

When there is no bearing force acting on the primary stage, the mechanism is
symmetrical about the y axis passing through the primary stage. Thus, the force f, would
get split equally between DP1 and DP2 i.e. fy11=f,2,=0.5f, (Figure 25). The effect of f;; on
the motion direction stiffness has been captured in equation (3.71) and can be directly
used in this case for DP1 (or DP2):
u, = 21, _ f,
(2K -0.5f,k) (2K -05f,k) (4.13)
= f, = (2k1(f) +O.57/kﬁ)u§)uy

The above equation represents the motion direction force displacement relation for the
CDPDP mechanism with f,=0. The clamp introduces a non-linear stiffening term which is

very similar to that seen in a clamped-clamped beam.
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The expression for fy; given by equation (4.12) is an approximate one. In reality, the
displacement U,; would be affected by this force and hence would be smaller than the
purely kinematic component given by equation (4.9). However, if each of the
parallelograms is adequately stiff in the bearing direction, we can ignore this contribution

whereby the approximation becomes a good one for this analysis.

The stiffness can be calculated as follows:

of

k=~ =(2 (2) + 157Kk (3)u; ) (4.14)

y
If we wish to limit this stiffening to less than say 5%, we can easily calculate the

dimensions of the clamp required to achieve this. Using equation (4.14), we can write:

2
157k (2 )uy 157k (@) (uy),

& <0.05
2 (a,) 20(a)
. 2 s (4.15)
ne (KO (a) () |
=1, >|3.75| =3 5 (uy)
ht kl(l)(ao) max

Assuming hs=h and tz=t and distributed compliance beams, (ay=a,"=0.5) this limit comes
out to be around 0.5. For optimizing the bearing direction stiffness, we can now use this
lower limit and determine the values of the other independent variables (W3 and L;) to
obtain the required stiffness. For the next part, we would assume that the stiffening force
fx is much smaller than the bearing force fx and hence, we would exclude it from the
analysis. Doing this might lead to some loss of accuracy for larger y displacements and
small bearing forces but would make the equations easier to solve which in turn would

enable us to obtain closed form parametric results for the stiffness.

Rewriting equations (3.66) and (3.67) for each of the double parallelograms DP1 and
DP2 shown in Figure 25 while neglecting the contribution of fy; and assuming that the

clamp is not perfect i.e. uy1, Uy#0.5uy:
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DP1 DP2

Lty Loty
Tk - k) kD + kD)
u,—u, = i u —u,= vz (4.16)
R REE @ kD)
f, u f, u
Uy = Wi'F?yl(kﬁ) - fxlltl(lz)) Uy, =Wz_%2(qu) + fxzztl(lz))
£ (uy—uy, £ (u,-uy,
u, —u, = Zkl; _( - 2 - ) (kl(i) + fxllkl(lz)) u, —u, = Zkz +( - 2 - ) (kl(i) - fx22kl(12))
Also,
fot+fn="1
X X X 4.17
Ty = fy ( )

Therefore, we have 10 equations in 10 variables (Uy, Ux1, Uxo, Uy, Uy1, Uy, T, froz, fya1, fy22).
Solving the above equations along with equation (4.11) for the constraint force f,;, we

obtain the following results®:

fxll ~ fx22 = 05 fx (418)

f..= k(o) 1+ kal(i) - kal(i) u
11 11
’ 4k1(f) 2(77 2k1(f)) '

f_ = k(o) 1— kal(i) 1 kal(i)
y22 — ™M1 (0) + (0)
4Kk 2(77 + 2k )

(4.19)

LY, fku,

"2 a(prak)
u f kDu

y 11 7y

VT2 )

(4.20)

And the primary stage force-displacement relations:

¢ These expressions are approximate because of series truncation.
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fy
u, = (4.21)

(£2)
8k (n+2k7)

M)
u :f i+£ k(z) Z(kll)

2
=hlgote| +m +0(f7) (4.22)

x
The above results very compactly capture the effect of the clamp on the performance of
the mechanism. They show that parameter # is directly correlated (positively) with the
strength or effectiveness of the clamp. Table 4 lists the values of some variables of
interest for the extrema of effectiveness (3=0,20). The second column (#=0) lists the
exact same results that were obtained for the DPDP mechanism in the previous chapter.
This is equivalent to the clamp being completely ineffective i.e. applying no constraint
forces on the secondary stages (f,2=0 from equation (4.11)). On the other hand, the
column under (y=) shows results for the case when the clamp behaves as an ideal
constraint i.e. restricts the secondary stages to exactly 0.5u,. As expected the expression
for the bearing direction force displacement relation is devoid of the large kinematic term
(ki')?/ki1@ and hence, there is a significant improvement in the bearing direction
stiffness. The y direction force displacement relation is completely independent of the
bearing direction loading fy which implies that as long as the requirement (4.15) is met,
the motion direction stiffness would be almost constant over the whole range of
displacements and loads.

Table 4: Effect of n on displacement variables

Parameter n=0 n=00
1
Uy1, Uy u_yi kal(l)uy U_y
2 8k 2
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Uy 2k 1, f,
©
((Zkl(f) ) (05K )2) 2ky;
e O Y I LW
|2k, el T @ ‘2, 8 ™
33 kll 33

The rotational stiffness of the DPDP mechanism wouldn’t be significantly affected by the
clamp. Due to the weak dependence of the y force displacement relations on the applied
moment, there isn’t a significant redistribution of y displacements when a moment is
applied implying that uy,= uy~0.5uy. This in turn implies that the clamp rotation,
moments M,; > and forces Fy;, would be small. Moreover, as both the secondary stages
would rotate in the same direction when a moment is applied as shown in Figure 26, the
clamp would also rotate along with the secondary stage by almost the same amount
thereby failing to provide any constraint forces (fy1) or moments (M) on the secondary
stages. The stiffening forces would still continue to act but they can also be minimized by
increasing |z (equation (4.15)). Thus, the clamp would barely influence the rotational
stiffness and we can expect it to be the same as that for a DPDP mechanism i.e. twice the
stiffness given by equation (3.64). This has been validated using non-linear FEA? for a

wide range of clamp dimensions (Figure 27).

7 With BEAM 4 elements and 20 elements per beam
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Figure 26: Response of the CDPDP mechanism to an external moment
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Figure 27: Rotational stiffness of the CDPDP mechanism for different clamp dimension,
K,,(uy:O):2.7e4Nm. ay"=0.5, h=h, t=t;=1/50, 1,=1.4. Dimensions of the DPDP same as before.

Some of the salient features of the above analysis are listed below:
1. Using reasonable approximations, we can significantly reduce the complexity of

the solution procedure. This in turn, enables us to obtain closed form parametric
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results quantifying the qualitative estimates that we made in the beginning of this
chapter.

2. With some insight into the working of the mechanism, we can decide whether
there is a merit in carrying out a rigorous mathematical derivation to obtain its
properties. For example, for the rotational stiffness of the mechanism, we chose
not to pursue a complete derivation as with some intuitive arguments, we could
conclude that doing so would not yield any significant gains; a claim that was
later validated by FEA.

3. The expressions obtained cover the entire gamut of clamp dimensions in a

compact parametric manner making subsequent optimization much simpler.

Performance

Based on the results obtained from the previous analysis, we can now summarize the
performance metrics for the CDPDP mechanism. We would also examine the effect of
introducing beam shape variations (changing a, and ay") and adding multiple beams in

the parallelograms that the mechanism comprises of (Figure 28).
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Figure 28: CDPDP Mechanism with multiple grouped reinforced beam flexures. Normalization would still

The range of motion of the mechanism would be the same as that of the DP and the
DPDP mechanisms given by equation (3.59). Moreover, the effect of adding multiple

beams or varying the degree of reinforcement ap would also be the same as that shown in

Like in the case of the DPDP mechanism, due to symmetry, both the axial and rotational
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Figure 29: The motion direction stiffness of the CDPDP mechanism for different dimensions of the clamp.
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The solid lines represent the predicted values whereas the circles show the corresponding FEA results.
W1:1.O, W2:O.8, |2:O.9, t=t3=1/50, h:h3

The motion direction stiffness in the absence of a bearing direction load is given by
equation (4.14). The predicted (equation (4.14)) and the FEA results® for different clamp
dimensions have been found to be in good agreement (<5% error) as can be seen from
Figure 29. As expected, there is virtually no dependence on the dimensions W; and L,.
For cases where stiffening is small, there is some discrepancy between the plots. This can
be attributed to motion direction stiffening in the DPDP mechanism which was not
captured in the BCM model. Because of the non-zero opposing theta error motions (3.60)
of each of the double parallelograms, internal moments get generated. Furthermore, due

to the weak dependence of the y direction force displacement relations of the double

parallelogram on the applied moment, these moments, in turn, cause stiffening.

8 The stiffness was calculated using the forward difference method i.e. K,(i)=(F,(i)- F,(i-1))/(U,(i)-U,(i))
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For the multiple-beam configuration, equation (4.14) can be rewritten as:

4 3
k, = W(Zkl(f) (ao)+§7k1(i) (ao)ujj

NZ Y, o) ) hyts (4.23)
_ c 33
}/_[ijll (ao)kll (%)[4ht3|33j

c

The above equation shows that we can decrease the nominal stiffness of the mechanism
by increasing the number of beams (while simultaneously thinning them) in the
parallelograms of the base DPDP mechanism. However, if we wish to decrease the
relative amount of stiffening, we should increase the number of beams in the clamp
parallelograms in a manner such that N;>N. Doing this would also reduce the lower

bound on the I3 which is evident from the updated version of equation (4.15):
2 anf KO (20 (k® (a))
I, > 3.75(%) [Ett;j 1 (a5 ) (ki (a0))

0
ki ()
In a later section, we would see how this would increase the scope for making the clamp

1/3

(u,) (4.24)

max

more compact.

In the presence of a bearing load, which is much larger than the stiffening force f,;, this

stiffness is given as:

k, =2k@|1-

(4.25)

As discussed before, the clamp reduces the softening effect of the bearing force and in the
limiting case it is completely eliminated. In Figure 30 , we plot this stiffness for different
values of # (and y) and compare it with FEA results. The Figure 30 shows that for small
to moderate values of #, the values match closely. However, for larger values where the
softening term is expected to decrease continuously with increasing #, the FEA results

show that this term saturates to a constant value.
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Figure 30: Softening due to bearing direction loads in the motion direction. At large values of effectiveness,

there is a clear discrepancy between FEA and closed form results

This discrepancy can be eliminated if we include the second order terms in the expression
for the motion direction stiffness of a parallelogram i.e.:

2
f, = (Zkl(f) + f k) +f?x kl(f)Juy (4.26)

Substituting this expression in the transverse direction relations in equation (4.16), and

thereafter rewriting equations (4.19):

1 2 1
S VTR ORRTING 2(77+2k(°))
" (4.27)
¢ _of Sk fAE L Rk
y22 (0) (0) ) | Y
4k 16k 2(n+2k?)
Finally, using equations (4.17) and (4.27) we get:
2
k) (2)
f,=2k?| 1- (0)( ) 5 ki g2 u, (4.28)
8Ky (77+2k11 )



Figure 31 shows the comparison between the stiffness given by the above equation and
the corresponding FEA results and shows good agreement between the two. Thus, for
large effectiveness, we still have a small softening term left over. Nevertheless, we can
still say that an effective clamp makes the motion direction stiffness fairly insensitive to
non-linearity arising due side loading which can simplify the design of controllers in the
case of comb drive actuators where errors in fabrication can lead to an offset between the

comb banks causing an unpredictable bearing force.
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Figure 31: Softening in the motion direction due to bearing direction loads. Comparison between closed

form solution with second order correction and corresponding FEA results

With multiple beams, equation (4.25) becomes:

(4.29)
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The above expression is completely independent of N.. Moreover, increasing N causes a
reduction in the nominal stiffness but increases the softening due to the applied force

significantly (proportional to N* when the #=0 and N? as # becomes large).

Bearing Direction Stiffness

The bearing direction (x) stiffness can be obtained using equation (4.22):

k = L (4.30)

LYl e 2(k§))2

2k,; 8 H (77+2k1(f))

The bearing stiffness is plotted against FEA data for different values of the effectiveness
n in Figure 32. The plot shows that there is less than a 5% discrepancy between the
predicted and the FEA results which is acceptable for most applications. In our analysis,
we have not imposed any bounds on the effectiveness assuming that we can make it as
large as possible by just changing the dimensions of the clamp. However, this is not true
and the effectiveness is directly limited by the rotational stiffness of the double
parallelogram. Figure 33 shows the bearing stiffness for different values of effectiveness
for a smaller rotational stiffness of the double parallelogram (small w; and w,). The error
increases at larger values of effectiveness which is probably because for these
dimensions, the rotational stiffness of the clamp becomes comparable to that of the
DPDP. This in turn causes the secondary stages to rotate with the clamp reducing the net
deflection of the clamp parallelograms which leads to lower moments M,;,, a lower
constraint force Fy; and consequently lowers the effectiveness of the clamp. This effect
has been illustrated in Figure 34. This case has been dealt with in some detail in
Appendix C.
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Figure 32: The bearing stiffness of the CDPDP mechanism for different values of effectiveness. The solid
lines represent the predicted values whereas the circles show the corresponding FEA results. w;=1.0,
W2=0.8, |2=0.9, t=t3=1/50, h=h3.
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Figure 33: Bearing stiffness for w;=0.3, w»,=0.2, 1,=0.9, t=t3=1/50, h=h.
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Figure 34: Reason for discrepancy between predicted and FEA results at large values of effectiveness

Rewriting the above equation for the multi-beam case,
2 Y 1
k =| — 4.31
e o
2
mu 0, 2k)
2

— + =1 =k, +
N) 2k, 8| *“ N\
33 [(2) 77+2kl(f)J

Based on the constraints imposed on the bearing stiffness we can determine the other

dimensions of the clamp. As we have more variables than constraints, we choose /, 43
and ¢; to be fixed user-specified values leaving /; and w; as variables to be solved for. We
can set the lower bound on /; (say /3|min) using the constraint equation for the motion
directions stiffness given by (4.24) in this step. As an example, let us set the kinematic
term in the above equation which is a function of the effectiveness 7, to be less than 5%

of the elasto-kinematic term k; 1(2) 1.€.
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((Nj n+ Zkff)]
2 4.32)

Substituting the value of # from equation (4.11)

2 V' (as\( htl? 20k (ay)) o
e (Wj [?j( hstsj Pl 2K (3) ((shoa) (4.33)

Using a value of 13=0.57 (for a motion direction stiffening of 5%) and assuming h=hs,
t=ts, 1,=2, a;=a,°=0.5, N=2, T=1/200, 1,=2, the required ws comes out to be 0.44. As we
would see later, there is seldom a need for such conservative bounds on the bearing and
motion direction stiffness in which case, the overall clamp dimensions can be made
smaller. Moreover, by using multiple beams such that Nc>N, I3min can be reduced
(equation (4.24)) and consequently the lower bound on w; would decrease according to
equation (4.33). Finally, the degrees of reinforcement a, and a,° can be changed to further
alter the bounds on I3 and ws. The choice of ap and N would be made based on the
application requirements as they primarily dictate the motion and the bearing direction
stiffness of the mechanism (assuming that the clamp is effective). Beyond this point,
using equations (4.24) and (4.33), we can choose a,° and N, to obtain the smallest

possible size of the clamp.




Figure 35: l3|min and wa|mi, for different clamp variations

As an example, let us assume a,=0.5 and N=2. Figure 35 shows l3|min and wa|min for
different values of N. and ay°. From the plots, we can infer that a large value of N would
be preferred. However, this is not always possible as the minimum thickness and hence
the largest possible N is often limited by manufacturing capabilities. Increasing ao

decreases l3|min but increases ws|min. However, we notice that:

oW, | - ol |
[ 3 |Cm|n] >_£ 3 |r:|n\] (434)
aao N:.=N¢o aao Nc=Nco

i.e. the rate of increase of ws|min With increasing ao° is larger compared to the rate of
increase in ls|min with decreasing a® which implies that the optimum point would be close
to ag°=0.1. The exact optimization would depend on the relative weights assigned to the
two dimensions. For example, if the footprint is not sensitive to small variations in Ws|min,

the optimization can be solely done to minimize I3 (i.e. ap"—0.5 and large No).

The rotational stiffness, as we discussed before, would remain relatively unchanged and

hence, would exhibit the same trends as those seen in Figure 17.

THE DOUBLE PARALLELOGRAM — TILTED-BEAM DOUBLE PARALLELOGRAM (DP-
DTB)

The DP-DTB mechanism shown in Figure 36 offers an improved bearing stiffness
compared to the DPDP mechanism without using any additional topological features like
in the Lever-DPDP and Clamped-DPDP mechanisms. This mechanism has been
presented and discussed previously [24, 36, 43] and a summary is presented here. The
improved bearing stiffness of this mechanism is due to the complementary behavior of
the DP and the TDP flexures. Referring to Figure 37, if the primary stage of a TDP
mechanism is not rotationally constrained, the secondary stage is free to move in the y

direction when a y displacement is applied at the primary stage. This unconstrained
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motion of the secondary stage, in a manner similar to that in the DP-DP mechanism,
causes a bearing stiffness drop in the TDP mechanism as well. However, when a 6
constraint is applied at the primary stage along with a specified y location, two
conflicting instantaneous centers of rotation C1 and C2 are created for the secondary
stage locking its motion. (This affect does not occur in a DP flexure as in that case C1
and C2 are at infinity). The DP flexure with its superior rotational stiffness, provides this
constraint and hence stiffens the TDP flexure in the bearing direction subsequently
improving the bearing stiffness of the entire mechanism. Furthermore, unlike the DP-DP
flexure, the decline in the stiffness ratio in this case is dictated by the weak
elastokinematic effect, which can be further reduced via beam shape optimization (degree

of reinforcement ay).

Ground

‘ Anchor % \#,B\

B 4w, 6,
Secondary L \ Secondary

Stage
Stage (Fo Us) 9

Primary
Stage i

a

(L)~ (La) ——>

Ground
Anchor

Figure 36: The Double Parallelogram- Tilted Beam Double Paralleogram (DP-TDP)
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Figure 37: Constraint behavior of the TDP flexure

The analysis for the TDP flexure has been done by awtar et.al. [24]. However, due to the
asymmetric nature of the overall DP-TDP mechanism, obtaining a closed form analytical
solution is difficult, if not impossible. Another problem is the large internal forces and
moments that get generated between the two halves of the mechanism. For such large
forces, the approximate BCM model might no longer be valid and hence, the solution that
we obtain using the model could be fairly inaccurate. Hence, we resort to using extensive
FEA analysis to qualitatively discuss some characteristics of this mechanism. Table 5
shows the parameters used for the non-linear FEA. The tilt angles o and 8 were chosen as
the variables for this analysis as they have the strongest influence on the characteristics of

the mechanism.

Table 5: Dimensions of the DP-TDP flexure used in the FEA analysis.

Dimension Value (microns)

L 1000
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T 3

H 50

Wi 325

W, 525
Performance

Error motions

As we saw in chapter 3, the DP mechanism has theoretically zero x error motions and
very small € error motions. Thus, any error motions of the DP-TDP mechanism would be
caused by the TDP mechanism. As the x and @ directions are DoCs of the DP mechanism,
the overall error motion would be smaller than that of just the TDP at the expense of
generating internal forces and moments between the two halves of the mechanism. These
internal forces might introduce undesirable stresses in the beams causing premature
failure and therefore reduced range of motion. From the figures, we can see that the error
motions are very small close to the a=§ line, which is understandable as due to symmetry
the error motions of the individual tilted beam parallelograms nullify (almost) each other.

P R 200 i
- g s L T, Duy:132 um
O =™ e [u,=64 pm

&, (um)

‘‘‘‘‘‘‘‘ s 025

Figure 38: X error motions of the DP-TDP mechanism. o, are in radians.
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Figure 39: Theta error motions of the DP-TDP mechanism

Motion Direction Stiffness

The tilted configuration of the beams in the TDP flexure causes an increase in the
nominal motion direction stiffness of the mechanism. For every tilted beam parallelogram
in the TDP flexure, the y direction stiffness is directly proportional to the secant of the tilt
in the beams. But as the tilt angles are small, the increase in stiffness is not significant. In
the DP-TDP flexure, the primary cause for motion direction stiffening is the internal
bearing direction forces and moments brought about by the kinematic conflict between
the error motions of the DP (theoretically zero) and the TDP flexure. It is because of
similar reasons that the P-P flexure has a K, which increases exponentially with y
displacements which makes it a poor single axis bearing even though it has a satisfactory
bearing stiffness K. Therefore, the trends seen in K, of the mechanism is similar to those
seen in the error motions and as before, the tilt angles close to the a=# line would be

optimal.
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Bu,=200 um
[ Ju=132um
Duy:64 pm

Ky (Motion Direction Stiffness)

Figure 40: Motion direction stiffness of the DP-TDP flexure

Bearing Direction Stiffness

For the TDP flexure, in the limiting case as a,f—0 i.e. as it approaches the DP flexure,
the instantaneous centers of rotation tend to infinity and hence, no longer oppose each
other allowing unconstrained y motion of the secondary stage. As these angles increase in
magnitude, the kinematic constraint on the secondary stage also increases. Figure 41
shows that for tilt angles greater than 0, we see an improvement in the x direction
stiffness which gradually increases as either or both of them increase and saturates at a
certain angle (where the elasto-kinematic effect starts dominating the stiffness drop).
Beyond this point, the trend reverses and we see a small decline in the stiffness because
of the effect of the reduced nominal stiffness due to the tilt of the beams. The analysis
also shows that the bearing stiffness depends on the magnitude and direction of the axial
force and moment. However, they don’t change the trends seen in the plots and therefore,

for the purpose of this qualitative discussion, we would ignore this dependence.
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Figure 42: 0 Direction Stiffness of the DP-TDP mechanism

The rotational stiffness falls significantly for o,>0. In fact K, for the DP-TDP
mechanism is almost half that of the DP-DP mechanism. This is understandable as the
rotational stiffness of the TDP flexure is much smaller than that of the DP flexure due to
the presence of instantaneous centers of rotation C; and C,. Figure 42 shows that tilt
angles such that a<f would be preferred.

Considering all the characteristics discussed so far in conjunction, almost equal tilt angles

o,f less than 0.15 radians would yield the most desirable properties of the DP-TDP
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flexure. In chapter 6, we would use these results to conduct a case specific optimization

using the objective function given by equation (1.18).

In the next chapter, we would discuss the direct experimental validation for the results
obtained for the CDPDP mechanism using a macro-scale modular, low cost and high
precision setup. In a subsequent chapter, we would also briefly touch upon the indirect

measurement of these attributes using micro-scale comb drive actuators.
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Chapter 5: Experimental Validation of the Clamped Paired Double
Parallelogram (CDPDP) mechanism

Closed form parametric results for the stiffness and error motions were obtained in the
last chapter for the CDPDP mechanism which were validated using FEA analysis. In this
chapter, we would further validate these results by directly measuring forces and
displacements at the primary stage in a macro-scale experimental setup. The experiment
was designed to be reconfigurable so as to accommodate some variations of the
mechanism without redesigning the entire setup. Moreover, as cost was a constraint,
some novel low-cost methods were used for load application and measurement without

compromising the precision of the results.

Measurement Scheme

An obvious question is where should we apply the loads and measure the resultant
displacements? In all our previous analysis, the point of application of the loads was
arbitrarily chosen to be at the center of the primary stage. However, if this location does
not exactly coincide with the location of the center of stiffness of the mechanism, there
would be a moment that would be generated in addition to the force causing a small
rotation. This moment doesn’t affect the bearing or motion direction stiffness of the
mechanism because of the decoupling between the x, y and the 6 direction force

displacement relations.

Primary Primary
stage (FXLPC+F‘/WPCIGZC) stage

ot —?

(FleyC)
(Fx; UxP)

(FleyP)

Figure 43: Center of stiffness of the mechanism
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In the experimental setup, however, the x (or y) displacement measured at any point
would comprise of the pure x (or y) displacement brought about by the application of the
load f (or £;) and the rotation due to the moment applied about the COS (Figure 43) i.e.:
Up =U,c +Lect (5.1)
As the stiffness is defined w.r.t. displacement and forces at the COS of the mechanism,
we need to decouple the two components of the x displacement. For doing this, we need
to know the location of the COS. Although the location of the COS, which is a function
of the y displacement in most cases, can be determined using the BCM model and finite
element analysis, its exact location in the actual setup might differ significantly due to
manufacturing imperfections. It is because of the same reasons that we cannot apply
loads and measure displacements at the COS directly. Thus, we would need a method to
determine the COS experimentally as well. The derivation of the COS for the CDPDP
mechanism has been done in the Appendix D. It was observed that the COS has a very
weak dependence on the magnitude of the force f; but depends on the displacement u;,.
Hence, for the experimental validation, we can assume the COS to be a function of u,

only.

The objective of the experiment would be to obtain the following characteristics of the
mechanism:

1. Location of the center of stiffness at every y displacement (C)

2. Error motions (ex(uy), es(uy))
3. Motion direction stiffness (ky)
4

Bearing direction stiffness (ky, ko)

The last three properties have to be found w.r.t. the COS of the mechanism. The above

objectives translate to the following:

Apply
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1. A motion direction displacement U,

2. An x-direction force which maintains perpendicularity with the motion direction
at all displacements

3. A moment on the primary stage

Measure
1. Motion direction load Fyat every Uy
2. X-displacement of the primary stage

3. Rotation of the primary stage

Due to symmetry of the mechanism about the axis parallel to the y-axis and passing
through the center of the primary stage, we can assume that the x-location of the COS is
close to this axis. Hence, we can decouple the measurement of the Y-direction stiffness
from x and 6 direction measurements. Thus, using a force sensor to measure F) and a
displacement sensor to measure U,, we can find the motion direction stiffness of the

mechanism. For this, we could use the forward difference approach:
(F,(Uy)-F (uy))
(U, -Uy)

Where (Uy-Uy;) is small. Or instead, we could obtain a polynomial curve-fit for the data

KAUW)= (5.2)

points — (Fy, Uy) and use the slope of the curve to obtain the motion direction stiffness.
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Figure 44: The placement of the sensors for measuring x-direction displacements and rotations of the
stage.
For obtaining the rest of the properties, we use two displacement sensors for the primary
stage which would measure rotation as well as the x direction displacement of the stage.
For now, let us assume that these sensors labeled S/ and S2 are placed a distance D
(unknown) from the C with a separation of S (known) between each other as shown in the

Figure 44. The sensors measure displacements Us; and Uy, in the x-direction. From these

two readings, we can obtain the rotation and the x displacement at the COS:

92(: _ (Usz _U51)

5 (53)
U.=U,-|D-—— |0

xC sl ( Zj
The error motions can be obtained in terms of D by actuating the motion stage in the ¥

direction with no bearing loads acting on it i.e.:

(Usz |N0—Load _Usl |N0—Load)

EH(Uy):

EX (UY) :U51 |No—Load _(D _%j Eg (Uy)

We now have three unknowns D(U,), K«(U,) and K¢(U,) left to determine. For this we use

(5.4)

a scheme where we apply two forces at different y locations of the primary stage

individually at every y displacement as shown in Figure 45.
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Figure 45: Force application on the primary stage. Also, 4Us;1= Us]i0ag=rx1- Ustlno-toad-

Using this we get two separate sets of sensor displacements for every force applied. For

every force we can write out four equations as follows:

0, (Uy) — (AU521;AU311) 6., (Uy) _ (AUszz ;AUSIZ)
Ke(uy’Fxl’Fx1R1)zK.9( y): FaRy Kg(Uy,sz,—szRz)zKg(Uy):— PR,

U ol
Lkluy)zAUﬂr—@D—%jQJU ) u“(uyy=Auﬂ2—(D— 0,(U,)

1
y
F

u,)
1

F
K, (U, F., F,R)=K, (U, )= X K. (U, F,—-F.,R, =K (U, )= -
( y 1 1R1) ( Y) le(Uy) ( y 2 2 2) ( y) sz(Uy)
Moreover, the y separation between the two forces can be known beforehand giving:
Rep =R +R, (5.6)

If we take into account all the dependencies of the x and @ stiffness expressions on the
magnitude of the forces and moments applied, we have an under-determined system with
10 unknowns and 9 equations implying that we need to know the exact location of the
COS to begin with in order to calculate the x and 6 stiffness. However, if we ignore these
dependencies in the rotational stiffness, we can determine all the unknowns in the

equations at every y displacement u,.
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Design of the setup

The first task was to choose the dimensions of the mechanism. As there wasn’t a
particular application that had to be designed for, the mechanism was designed around

the available sensors, actuators and manufacturing capabilities. These are listed below:

Actuation

Motion (Y) Direction

The motion direction has to be actuated using a position actuator. For this purpose, a PI
actuator M-227.25 [55] with a lead-screw driven by a closed loop DC motor (Figure 46)
was used. It has a stroke of 25 mm, can provide a maximum push/pull force of 40N and
can withstand a maximum lateral force of 0.IN. Moreover, it also houses the rotary
encoder with a minimum incremental motion of 0.05 pum. Finally, the actuator has a

backlash of 2 pm. The actuator thus imposes the following constraints on the mechanism:

F | ax < 40N
Fx—actuator |maxS OlN
(5.7)
-12.5mm<U, |, <12.5mm
AU, >2um
X (Bearing
Direction)

Y (Motion O
Direction)
I —| :

DC-Mic Flexure Coupling Actuator CDPDP
Clamp Block Isolator Mechanism

Figure 46: The DC-mic assembly
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The DC-mic is held in place by a flexure clamp as shown in Figure 46 to apply an even
distributed clamping force on the body of the actuator. To prevent damage on the DC-mic
due to lateral forces, an actuator isolator between the mechanism and the actuator is
necessary. In this case it is simply a beam with high stiffness in the y direction but large

compliance in the x direction which helps absorb parasitic displacements in that direction.

Bearing (X) direction

A side load has to be applied on the motion stage at two different locations for different
u,. This loading has to maintain perpendicularity with the motion direction at all y

displacements. For this purpose a novel scheme was utilized.

Firstly, instead of using a pulley and weights suspension to apply the side load where
because of friction, total load transmission might not occur, a virtual pulley in the form of
a three string junction was used for load transmission as shown in Figure 47. By choosing
the angle between the strings, we can control the amount of load applied on the stage:

F. =F_cotg =W cot¢ (5.8)

Y (Motion X (Bearing

Direction) X Direction)

Primary
stage ‘ Fx Fx

Alignment
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Figure 47: Three-string junction for load transmission to the primary stage of the mechanism

Moreover, as we know that for typical millimeter-scale dimensions, the x-direction
motion would be of the order of a few microns®, we can assume that the angle between
the strings wouldn’t change significantly when the weights are suspended thereby
avoiding the need for readjusting the angle every time after applying the load or
displacing the stage in the y direction. A protractor can be used to measure the angles to
within a degree. We would later see that this uncertainty wouldn’t significantly affect the

accuracy of the measurements.

In order to maintain perpendicularity, an alignment plate was used with embedded
dowels pins. The pivot of the string setup is on a stand resting on a manual xy stage (Thor
Labs MT1) which has a range of 0.5” in each direction. Thus, whenever the primary stage
is displaced, the manual stage can also be displaced along with the suspended weight to
ensure marginal contact with the outer dowel. This scheme imposes the following

restriction on the mechanism:

—-6.35mm <V |, <6.35mm (5.9)
Alignment
I Plate
o o . ~U— Manual Stage
Primary Stage Align.inent - 4%»
Pin Y
X (Bearing

Y (Motion ™ pjirettion)
Direction)

Figure 48: Top view of the three string junction. The manual stage can be moved in the y direction to keep

marginal contact with the alignment pin.

9 Later, after all the dimensions are selected, this condition would be checked again to ensure that it is still

satisfied.
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Sensing

Motion (Y) direction force Fy

A load cell (ELFS- T3E-20L) [56] was sandwiched between the DC-mic and the
mechanism to measure the force F), as shown in Figure 49. The range of the load cell was
20 Lb, much higher than the maximum load that the DC-mic can withstand. As the
experiment was essentially a quasi-static one, the noise in the measurement could be

minimized significantly by using strong low-pass filters and/or long sampling windows.

Coupling
block

Split-Ring
Sleeve

Figure 49: Integration of the load-cell in the DC-mic assembly

Bearing direction displacements (U and 6,)

Two capacitive probes (C23-C Low Resolution [57]) in a configuration shown in Figure
44 are used for measuring these displacements. These are implemented in the setup as
shown in Figure 50. These are ideally suited for this application as they are tolerant to
relatively large Y displacements perpendicular to their measurement axis and have a small

range (50 microns) with a high achievable resolution (~10nm).
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Y (Motion
Direction)

X (Bearing
‘\)ir/e'ction)

Bronze
Bushing

Figure 50: Cap-probe assembly

Each probe was mounted via a bronze bushing that is split along its length and is held in
place via a radial set-screw as shown in Figure 50. The bushing helps distribute the force
from the set-screw uniformly over the probe length, thus preventing any damage to the

probe surface and associated loss of calibration.

Manufacturing process and material selection

As the mechanism is planar, it was made from a precision ground Al6061-T651 plate
using wire electric discharge machining (wire-EDM) which provides very tight
dimensional, flatness and angular tolerances for the flexure components while keeping
the residual stresses low. Al6061 was chosen due to its good strength, corrosion
resistance, machinability and electrical conductivity. The thickness of the plate was
chosen to be 1” due to availability and to ensure sufficient out-of-plane stiffness. All

other features and components were machined on a conventional CNC milling machine.

The dimensions of the CDPDP flexure were chosen by imposing the above constraints,

choosing a large enough effectiveness, keeping the stiffening in the motion direction to
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be less than 5% and maintaining an adequate safety margin against yielding, and have
been tabulated in Table 6 along with their justifications. The CDPDP flexure plate is also
shown in Figure 51. The clamp has been moved inside the outer parallelogram to make

the mechanism more compact.

Table 6: Dimensions of the CDPDP mechanism

Dimension Value Justification

Keeping the maximum
displacement around 0.1L to
L 65mm maintain adequate safety
margin against yielding of

the beams.
To ensure that the
T 0.8mm maximum motion direction
force is less than 40N
Optimum value: Improves
bearing stiffness
o 0.3 considerably while not
significantly increasing the
y-direction stiffness
Standard thickness of the

H 25.4 mm
plate

W, 70.52mm Rotational stiffness of the

DPDP unit >> rotational
W, 24.14mm )

stiffness of the clamp

W3 32.5mm )

Large clamp effectiveness
L, 90.5mm

Low stiffening in motion
Ls 32.5mm

direction and large
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effectiveness

Y (Motion
Direction)

X (Bearing
Direction)

Figure 51: The CDPDP flexure plate
Design of Auxiliary Components and Dimensions
Actuator Isolator

The actuator isolator shown in Figure 52, i.e. a single beam positioned along the motion
direction y, must be significantly more compliant in the x direction compared to the
CDPDP mechanism. Therefore, its dimensions were chosen such that the stiffness of the
isolator is almost four orders of magnitude smaller than the lowest x-direction stiffness of

CDPDP mechanism i.e.

kx—IsoIator < 10—4 (510)

kx—CDPDP (Uy = Gmm)
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Using equation (4.30) for the bearing stiffness of the CDPDP mechanism with the
dimensions given in Table 6 and the motion direction stiffness of a single beam given by
equation (2.11), the length L; of the actuator isolator was chosen to be S0mm (the beam

cross-section was chosen to be the same as that in the CDPDP mechanism).

Li
X (Bearing

Direction) Y (Motion
Direction)

Figure 52: The actuator isolator with dimension labels

Separation between cap-probes (D) and points of load application (Rcp)

The sensor and actuation arrangement for the bearing stiffness measurement shown in
Figure 45 is implemented on the flexure plate as shown in Figure 53. Table 7 shows the

values of the dimensions involved.

S2 S1 Fx2

Figure 53: Implementation of the measurement scheme shown in Figure 45. D*=D-R,-S/2
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Table 7: Parameters of the measurement scheme

Dimension Value
S 30mm

Rsep 43mm

D* 103mm

Fillets at flexure ends

In the absence of fillets at the ends, the stiffness of the flexure beams can be significantly
smaller than that predicted by closed form and FEA analysis which assume the support to
be perfectly rigid. This is due to additional local flexibility at the juncture of a support
and a flexure beam. Moreover, sharp corners can lead to large stress concentrations
thereby causing premature static or fatigue failure of the mechanism. Howell et.al. [58]
have analyzed this configuration and have obtained optimal fillet radii to mitigate these
effects given below:

R =0.64T For half-plane junctures

(5.11)

R... =1.1T  For quarter-plane junctures

fillet
These fillet radii have been used in all flexure-support junctions (Figure 54) in the

mechanism.
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Quarter Half

T — T

Figure 54: Fillets at flexure supports

Thickness of ‘rigid’ sections and stages

In all the previous analysis, all the stages were assumed to be perfectly rigid. In order to
ensure this, the thickness of the stages was chosen to be such that the bending stiffness is
almost three orders of magnitude larger than the flexure bending stiffness. As exact
expressions are cumbersome to derive and an overkill for this purpose, we simply use the
fact that the bending stiffness is proportional to (7/L)’. Comparing the bending stiffness
between the stages and flexure strips and setting the ratio between them at 0(10%), a

minimum stage thickness of 14mm was obtained (Figure 55).
For the sections between flexure strips, an order of magnitude difference was set between

bending stiffness ratio for the compliant and rigid sections leading to a thickness value of

3T for the rigid sections.

124



T=0.8mm Tr=2.4mm

Figure 55: Thickness of rigid sections and stages

Finally, Figure 56 shows the entire setup with all the components labeled including the
load-cell and cap-probe amplifiers and the DC-mic driver along with the USB data-
acquisition board connected to a host computer (not shown). The entire setup rests on a
vibration isolation table to minimize effects of floor vibration (moreover, as mentioned
before, long sampling windows are also used to further minimize the effects of

extraneous noise and vibrations).
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Figure 56:Complete Experimental Setup - 1)Dc-Mic, 2) Flexure Clamp, 3)Load Cell, 4)Actuator Isolator,
5)Cap-probes, 6)CDPDP mechanism, 7) DC-Mic amplifier, 8)Cap-probe amplifier, 9)NI USB-DAQ,
10)Alignment plate, 11)String for applying load, 12)Alignment pins, 13)Suspended Weight, 14) Manual

stage and post

Error Analysis

The primary sources of measurement error/uncertainty in this experiment are the
following:

1. Cap-Probe Resolution — 6Us (M)
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2. Load-cell Resolution — oFy (N)
3. DC-Mic Encoder Resolution — dUy (m)
4. String Angle Resolution — d¢ (rad)

All other angle misalignment errors — between the cap-probes and the reference surface
Figure 50 and between the bearing load (F) transmitting string and the horizontal/ground
Figure 47 or motion direction y Figure 48 can be ignored as they would vary as cosines of
the error and hence, would be small. Errors in the elastic modulus of the material can be

assumed to be less than 5% [59].

Errors in Motion direction stiffness

The motion direction stiffness is given by equation (5.2). Taking the variation on both

sides:

(U -U,) (5.12)

Errors in bearing direction stiffness (K. and Kgy)

Referring to Figure 45, the displacement measured by any particular cap-probe AUj
where i indicates the probe number and j corresponds to the pin on which the load f; is
applied is given by:

AU, =U;; |.oad=fxj Ui lioad—o (5.13)

The error can be obtained by taking variation on both sides:
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§(Auij ) = 5Uij |I0ad:ij _éUij loag=o

(5.14)
= 5(AU;)=0U, +dU, = 20U,

Using equation (5.5), the error in the measurement of the rotation 6,; can be obtained:

AU, —AU_ .
59.—5(( 52‘8 51’)]—4&’5 (5.15)

Zj S

Similarly, the uncertainty in the applied loads Fy; due to errors in measurement of the

angle ¢ can also be calculated using equation (5.8):

SF; =5(W, cotg; ) =W Slf";

5.16
SFy 254 (5.16)

:> - -
F;  sin (2¢j)
Using equations (5.5) and (5.6), the rotational stiffness can be solved for:

K, (U, )= Raep P (5.17)
’ ’ ( I:x2021 Fxlezz ) .

Taking the variation of the above on both sides:

K, _OFy , 0Fy |(Fa+Fio) 90, +[0,,|0F +]0,4] 5F,, (5.18)
Kg Fxl sz (Fx?_ezl FX1022)

Where errors in Fy and 6, are given by equations (5.16) and (5.15) respectively. The
location of the center of stiffness is given by:

K
R, = Kby, (5.19)
Fx2

Again, taking the variation of the above equation:
OR, _ 5K 54922 5FX2

(5.20)
R, el
Next, the error in the axial displacement can be calculated using equation (5.5):
8U, (U, )=0U, +35(D*+R,)|0,|+50, (D*+R,) (5.21)

=20U, +6R, |0,,|+ 56, (D*+R,)
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Finally, the uncertainty in the x-direction stiffness can be given by:

K, _OF, Uy 5.22)

K Fxl |U x1|

X

Uncertainty in parasitic motions (E, and Eg)

The parasitic motions are given by equation (5.4). Following a procedure similar to one
shown above, the estimates of uncertainty in these measurements are given below:

5E, (U,) -

SE,(U,)=0U, +(D*+R,)SE, (U, )+E, (U, )dR,

(5.23)

FEA Validation and predicted results

Figure 57: Sign conventions used for the experiment
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The experimental setup and procedure was simulated using FEA and the predicted
stiffness and displacement estimates were obtained. Figure shows the sign conventions
adopted for this experiment. As before, BEAM 4 elements were used to model the
compliant flexures and a force convergence tolerance of 10~ was used. Figures Figure 58
to Figure 61 show the motion, rotational, axial stiffness and the distance R, of the COS
from Pin 2 (Figure 53) calculated using FEA (solid lines) and closed-form results
(circles) for the mechanism with dimensions tabulated in Table 6. Error bars have also
been added using expressions derived in the last section. The values for measurement

uncertainties: Uy, J0F), oU, and d¢ were chosen to be 5nm, 0.0IN, 5 um and 1 deg
respectively. Moreover, F,;=F,,=40N and ¢;= ¢,=0.25r Rad.

—FEA
- ° Closed Form
7400 I L
£ 7200
£
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6600O . . 3 4 |
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Figure 58: Motion direction stiffness for the CDPDP flexure plate
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Figure 59: X direction stiffness for the CDPDP flexure plate
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Figure 60: Rotational stiffness for the CDPDP flexure plate
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Figure 61: Location of the COS for the CDPDP flexure plate. The closed form expressions are given by
equation (D.10)
Significant discrepancy can be seen between the FEA results and closed form results for
the X-direction stiffness shown in Figure 59. This can be explained by taking into account
the coupling between the x and 6 direction relations. This case has been dealt with in
Appendix D and this error has been eliminated to some degree. Finally, the expected
displacements at the cap-probes and the rotations 6,; and 6., have also been plotted in

Figure 62 and Figure 63.
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Figure 62: The expected displacement at the first cap-probe (S1) for loading on pin 1 and pin 2.
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Figure 63: The expected rotations of the stage for loading on pin 1 and pin 2.Rotations are in radians.
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Preliminary Results

Motion Direction Stiffness

The motion direction force vs. displacement curve is shown in Figure 64. The force was
observed to be predominantly linear with non-linearity of less than 3% over the range of

Smm. Thus, the clamp has negligible influence on the motion direction stiffness which is

desirable.
60
F =:8.5186e+05*U3 + 30301*U2 + 6828.9*U_-0.031677
40 \"A V. A\ \"A
—
= L
~_ 20 - -
> . — Experimental Data
w P—
e Cubic Fit
0
-20
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5
Residuals Uy (m) x10°
Cubi¢: norm of residuals =10.18721
0.5
z
- 0 L | 1 L L L
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<
-0.5
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Figure 64: Experimentally measured motion direction force vs. displacement curve
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Chapter 6: Case Study: Comb drive optimization

The comb drive actuator is an example of a single axis system whose performance is
directly affected by the quality of the flexure bearing. In this chapter, we use the results
obtained in chapter 4 to design comb drive actuators employing the CDPDP and DP-TDP
flexures as motion guides with the objectives of achieving the largest possible stroke with
minimum possible actuator effort and footprint. A systematic procedure to design comb
drive actuators with these attributes which are desirable in micro and nano-positioners
[60, 61] and micro-grippers [62, 63], would also be developed which can be used for
other flexure guides as well. This procedure also encompasses restrictions imposed by

fabrication capabilities and system requirements.

(A) Pre-Bend=0 (B) Pre-Bend=Uyy,
% /@\
F,=0,U,=0
(F,=0,U,=0) ' l(r,=0,U,=0)
Uyer |
7 Ly 1
Figure 65: Pre-Bending in a DPDP flexure

(A) Pre-Bend=0 (B) Pre-Bend<Critical (C) Pre-Bend>Critical

Required
Stiffness /

-0.2

0 . fo.2 0
Uy Stroke uy Stroke Uy Stroke

Figure 66: Effect of pre-bending on the stroke of a comb drive actuator. At the critical pre-bend, the

stiffness ratio curve intersects the required stiffness curve at exactly 3 points.
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We would include certain design variations of the flexures — reinforced beams (Figure 7)
and pre-bending or pre-tilting [37, 64] (Figure 65) to further boost the performance of the
devices. Although the multi-beam parallelogram (Figure 12) can easily be incorporated in
the design process, it has been excluded from this analysis as it offers no obvious
advantage for this particular application. By pre-bending beams in a particular direction,
one can shift the stiffness profile of the flexure thereby delaying the onset of snap-in and
consequently increasing the stroke. This is illustrated in Figure 66 (B). However, there
exists a limit beyond which additional pre-bending can cause a pre-mature intersection
with the required stiffness curve (Figure 66 (C)). Thus, in order to maintain an adequate
safety margin to disturbances and manufacturing imperfections, the actual pre-bend is
kept sufficiently below this limit which can be easily determined for a flexure mechanism

based on its stiffness properties.

There are some fundamental differences between the optimization procedures for the
CDPDP and DP-TDP cases. The CDPDP mechanism has theoretically zero error motions
whereas the DP-TDP could have non-zero error motions (depending on the tilt angles).
Moreover, because of asymmetry, the sensitivity to fabrication imperfections would be
larger in the case of the DP-TDP mechanism which in turn would imply that the safety
margin given by equation (1.15) must be larger for this flexure. For the CDPDP
mechanism, we can simply use the snap-in condition given by equation (1.7) along with
the closed form stiffness expressions derived in chapter 4. Moreover, as its rotational
stiffness can be increased independent of the axial stiffness by increasing the beam
separations w; and w,, we can further assume a purely one dimensional snap-in model
given by equation (1.6) instead of the two dimensional one (equation (1.7)) and choose
the separations to ensure that the difference in strokes predicted by (1.7) and (1.6) is
negligible. Consequently, for the optimization of the CDPDP mechanism for a comb
drive actuator, we can directly use the objective function given in equation (1.18). Such a
simplified governing equation for snap-in and hence a closed form objective function for

optimization does not exist for the DP-TDP case. Moreover, we do not have complete
136



parametric results for the stiffness and error motions of this mechanism yet. Therefore,
we would merely do a first-pass qualitative optimization for the DP-TDP mechanism here

and lay out some guidelines for future work.

CDPDP optimization

In this section, we present a systematic procedure for holistically designing a CDPDP
flexure based comb-drive actuator to maximize its actuation stroke while minimizing
device foot-print and actuation voltage. Given the several constraints and tradeoffs
involved, the goal here is to obtain a good starting point for the flexure and comb-drive
dimensions shown in Figure 23 and Figure 3 respectively (L, T, ap, Wi, W>, L,, L3, W3, G,
Ls; and T7) based on some simplifying assumptions, and subsequently iterate to further

refine the overall design.

The following assumptions are made initially and are revisited during later design steps:

1. Analytical results in the chapter 4 show that the optimization of the external
clamp is decoupled from the final stiffness of the C-DP-DP flexure, as long as the
clamp is effective. Since a clamp can be designed to provide near-optimal
performance i.e. a high n (— o) and low y (— 0), corresponding motion and
bearing stiffness values are assumed at the on-set of this design procedure.

El

Ky~2=3% k? (a,) (5.23)
K, ~2 E';Z 12 (5.23)
- ( ; —qul‘f)(ao)J
ks (2) 4
2
K - Elgzz 4\/2va\/22 1 (5.23)
L (W2 +W, ( 1 u

a0

Where IZZ:HT3/12 is the area moment of inertia of the beams in the base DPDP.
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. The motion stage, secondary stage, external clamp, ground anchors, and beam

reinforcements are all assumed to be perfectly rigid.

Since the in-plane rotational stiffness (Ky) of the C-DP-DP flexure can be made

independently high, it is assumed large enough to be ignored in the first iteration.

. A Stability Margin of S = 1 is assumed to provide robustness against non-

deterministic factors arising due to fabrication imperfections.

Silicon is chosen as the flexure and comb-drive material, which sets an upper
bound for the maximum achievable stroke due to mechanical failure. For the C-

DP-DP flexure, the yield limit is given by equation (3.59)

. An initial comb-finger engagement Uy, is needed to overcome fringing effects
that are important for small Y displacements. The minimum initial engagement

has been obtained theoretically and for an in-plane comb drive is given by:

U,, >1.98G (5.23)

However, Yy is much smaller than the maximum Y displacement and is therefore dropped

initially in the design procedure.

We next present a step by step recipe [32] for choosing the dimensions of the CDPDP

and comb-drive that employs the analytical knowledge compiled so far. The optimal

device would then be fabricated!? to demonstrate the performance improvements over the

existing comb drive actuators:

10 Fabrication was done separately and is not a part of this thesis.
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1. Start with assuming a dimension for the flexure beam length L, which directly
impacts the device foot-print. In the first iteration, we start with a value of L = 1

mm.

2. Minimizing the T/L ratio reduces the bending stress in the flexure beams and
therefore increases the material failure limit of the mechanism (equation (3.59)).
Equation (1.18) shows that to achieve the best stroke to effort/footprint ratio, we
must maximize the ratio K./K,*. Inspecting equation (5.23), we see that K, is
proportional to T at small displacements and T° at large displacements. From
equation (5.23), Ky is proportional to T2 over the entire range of motion. Thus, the
ratio K,/K,> would be proportional to 1/T® at small Yy and 1/T° at large ones.
This implies that to maximize the ratio K/K,*, T should be kept as small as
possible. The lower bound is dictated by practical limits of the micro-fabrication
process. In our case, this limit is 1.7 um and with an adequate safety margin and

we choose T = 3 um, which corresponds to a T/L ratio of 0.003.

3. Now, the two key remaining design variables are apand G. Equation (1.18) can be

rewritten for the CDPDP mechanism using equations (5.23) and (5.23):

E(TY 2 s(1 (U, | )
NanaX:—[—] U,l.) (k9 ——(—y m“j k(? (5.24)
3e\ L (U ) (“) Kss 2L ) ¢

The above condition can be plotted on an NVZpa versus Uy|max graph for multiple fixed

values of ag. Each solid line, referred to as an iso-ag line represents a fixed value of ap and
varying values of G. Similarly, the above equations are solved to eliminate a, and the
resulting condition is plotted on the same plot for fixed values of G. For doing this, we
first obtain the maximum stroke for a fixed G but varying ap and then substitute this value
in equation (5.24) to obtain the corresponding NVZ,a. Using equation (1.16), the stroke is
given as the root of the following equation:
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Kx (Uy |max’a0) :(1+S)Uy |max (Uy |max +Uy0)
SICHIEY G’

At large displacements, the elastic term can be dropped from the denominator of the x-

U, lna (80,G, ) ,G =G, =constant (5.25)

direction stiffness of the ideal CDPDP mechanism (=) provided that the thickness is
small enough. This limit can be obtained by imposing the constraint that the elastic term
is less than or equal to 5% of the elasto-kinematic term at a displacement of about 0.2L
I.e. using equation (5.23):
uk@
1. o.osyT11

33

2 0.2)

T _ <o.05( ) ( ! j (5.26)

121 4 700
L

= —<0.003
L

For this thickness we can approximately write:

El 412
K, z(z j (5.27)
L Juk{ (a)

Therefore, assuming that Uyo<<Uy|max, for the CDPDP, we can solve equation (5.25) to

obtain:

_4G31?
U Imax aO’GC z4 .
Zal )\/(1+S)k1‘f)(ao)kff)(ao)

This can be substituted in equation (5.24) to obtain NVZna(0, Gc) for every value of ag

(5.28)

and Gc. The plots between Uy|max given by equation (5.28) and NV? oy for different values
of ay but fixed values of the gap size G are called the iso-G lines, shown as dashed lines
in figure. Moving along an iso-ag line, it is clear that for a given beam shape (ao), one can
achieve the highest stroke by increasing the comb-gap G, but this also increases the
actuation effort NV%a,. Similarly, moving along the iso-G line, one can achieve greater

stroke by reducing ag, which once again leads to a higher actuation effort.
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NV2
max

From the design and performance space presented in figure, one can graphically choose
the beam shape a; and comb gap G to maximize stroke while minimizing the actuation
effort. There is a lower bound on G dictated by the micro-fabrication process (2 um in

this case) and obvious upper and lower bounds on ag (0.5 and 0). These bounds produce a
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Figure 67: Design and performance space for a C-DP-DP flexure based comb-drive actuators

feasible design and performance space, indicated by the shaded region in figure.

4. At this point, one can either set a maximum allowable actuation effort and pick

the corresponding actuation stroke; or alternatively choose the desired actuation

stroke and pick the actuation effort. We choose a desired actuation stroke greater

than or equal to 250 pum.

For a desired stroke, clearly smaller values of a, and G in the feasible design
space result in the lowest actuation effort. However, one has to be cautious while
choosing small values of these two design variables. Small a, leads to

increasingly higher stresses in the flexure beams and the material failure becomes
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a concern. For a given Uy'max, ap may be chosen to maintain an adequate margin of
safety against material failure using equation (3.59). This condition could be
incorporated in figure further shrinking the feasible design space. Separately, the
snap-in condition becomes highly sensitive to error motions Ex for very small G,
and the assumed safety margin S of 1 can prove to be inadequate. For our final

designs, we chose ap = 0.2 and G values in the range of 3—6 pm.

Having chosen a, and G in the previous step, we now have a numerical value of
the actuation effort from Figure 67. The number of comb-fingers N can be chosen
next, while keeping the maximum actuation voltage Vnax Within relevant practical
limits. We selected Vmax = 150V based on our existing instrumentation

capabilities.

One can now start to lay out the flexure mechanism and the comb-drive. The
dimensions W; and W, should be chosen such that rotational stiffness Ky given by
equation (5.23) is adequately high. If it is more than an order of magnitude higher
than KL at Uylmax, the contribution of the rotational stiffness can be entirely
ignored. Here Lo is the distance along Y axis from the center of the flexure
mechanism to the tip of the comb fingers (Figure 3). If this condition is not met,
then the rotational stiffness should be taken into account in the next iteration
using a modified version of the snap-in condition (equation (1.7)). The ratio (y)
between the reduced actuation stroke due to finite rotational stiffness and the
predicted stroke assuming infinite rotational stiffness is graphically illustrated for

two values of ag in Figure 68.
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Figure 68: Reduction in predicted actuation stroke in the presence of finite rotational stiffness

8. The external clamp is designed next. Using equation (4.24), choose L3 to be large
enough so that the increase in the motion direction stiffness Ky due to the clamp
over the above-selected Uy|max is Within a few percent (5%, in our designs). The
sensitivity of the footprint to the dimensions W3 and L3 dictates the choice of Ts.
For example, if the dimension L3 affects the footprint more, then we should
choose a small value of Ts. (according to equation (4.24)). For now, we fix T3=T.
Next, using equation (4.33), we determine W3. With an effective clamp thus

designed, it can now be included in the overall device layout.

9. Next choose the in-plane thickness of the reinforced beam section to be at least 5
times the thickness of the end-segment (T), which ensures more than 125 times
bending stiffness. Furthermore, choose the in-plane thickness for the motion
stage, secondary stage, and the external clamp to be at least 40 times T. If these
dimensions are chosen to be less for whatever reason, then the contribution of
these stages to the bearing direction stiffness Ky should be estimated, and a
revised snap-in condition with this reduced effective K, should be used in the next

design iteration.
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10. The initial overlap Uy, can be chosen based on equation (5.23). The comb finger
length L should subsequently be chosen to be slightly greater than (Uyo+Uy|max).
For this comb-finger thickness T; should be chosen to avoid local snap-in of
individual fingers [65]. This is given by the following condition:

ely , )
T 2| 2225V, (5.28)

A margin of safety may be included (1.5, in our case) while using the above

relation.

11. The depth of the flexure beams and comb-fingers, Hr does not play a role in the
overall actuator performance and should be selected to be large enough to avoid
out-of plane collapse during the fabrication or operation.

This concludes the first iteration of the overall actuator’s dimensional layout including
the flexure and the comb-drive. If the device foot-print turns out to be too large or too
small, one can start the process again from Step 1 with a different value of beam length L.
Once an acceptable foot-print is achieved, a final check on the actuation, snap-in, and
material failure conditions should be performed while removing the previously listed
assumptions. Specifically, the choice of Stability Margin (S) should be dictated by the
selected comb-gap value G and the accuracy of the micro-fabrication process used.
Accordingly, a higher value of S may be used in subsequent iterations. These iterations

can lead to further refinement of the flexure and comb-drive dimensions.

144



v _ 4
i s
Ground, Fixed Anchor

2W3 (L3'aOC) — -
T3

Rt—» f——

2w, Lf ‘{ %%‘DAT%U hLU7 N Fingers

Figure 69: A CDPDP comb drive actuator layout. All rigid sections are assumed to be of the same
thickness R;
Alternatively, one might pursue a computational approach to optimize the device
dimensions with the objective of maximizing the stroke U, |nax for a given footprint. Most
of the constraints listed here have already been discussed in the previous section. When
the device layout is defined, we can analytically obtain the expression for the footprint of

the device. For the layout shown in Figure 69, we have:
A=2(L+2R +N(T; +G)+T, +2G)x(2W, +05U, |, ) (5.29)

It is interesting to see that the footprint of the device also includes the area occupied at
maximum stroke and therefore, the ) dimension of the device footprint is
(2W5+0.5U, |max)- If the device allowed for bi-directional actuation, this dimension would
have become (2W>+U,|max). If the maximum allowable footprint of the device is axa, we

can impose individual constraints on the dimensions of the device i.e.
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2(L+2R+N(Tf+G)+Tf+ZG)<a (5.30)

(20, +0.5U, |, ) <@ (5.31)

Fabrication and testing capabilities would impose the following constraints on the

voltage, gap size and the thickness of the beams:

V <150 (5.32)
G, T >2um (5.33)
The beam separations W; and W, are related to length of the clamp parallelograms L3 as
follows:
2W, > 2W, + L, + 2R, (5.34)
The dimensions of the individual comb fingers are governed by the following relations:
L > (U, e *Yy0) (5.35)
1
eld )
T, > (2 ==V ] (5.36)

The objective function i.e. the stroke of the device can be numerically obtained by
solving equation (1.7) with Lyg=L¢ and stiffness expressions given by (Assuming H=H3
and T=Ts):
El u,Y K
K, =?ﬂ[zkff><ao>+1.5ykﬁ><ao>(f] J,yzkﬁ”(as)kﬁ)(ao)(m} 537)

El 1 W23
Kx — L3zz (l) 5 ,77 = 6 aSL:I_ZTZ (538)
1 U 2 (2) 2(k11 ) 2

b2 kP
2Ky 8L? H (77+2k1(f))

And the rotational stiffness given by equation (5.23). Finally, the Y direction equilibrium
relation given by equation (1.17) imposes a constraint on the motion direction stiffness
Ky. Obviously, the constraints on the thickness of the stages and the rigid sections do not

directly affect the above problem and hence, can be separately satisfied. Because of the
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coupled nature of the equations presented above, the problem might be computationally
very intensive to solve and hence, the application requirements have to be carefully
considered to warrant the use of this approach.

In most cases, the simplified iterative procedure provided before would suffice and that is
what we employ for designing devices for testing and validation. However, if we have a
multi-axis system or additional objectives such as maximizing the resonant frequency as

well, then we might have to use the more rigorous computational approach.

Secondary
Stage

B b 15 e
1.00mm

25.0kV 8.8mm L-x90

Figure 70: SEM image of a micro-fabricated comb-drive actuator employing the C-DP-DP flexure[32].
The fabrication and testing of the devices designed using the iterative procedure (steps 1
to 11) was carried out separately and is not a contribution of this thesis [32]. A fabricated
CDPDP comb drive actuator is shown in Figure 70. Here, we merely present the results
in Table 8 which validate the analytical predictions. The measured stroke of conventional
DPDP flexure with these dimensions and ay = 0.5 was 50 um. Referring to Table 8, this

indicates that S = 1 is a reasonable stability margin to use for the DPDP flexure and the
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micro-fabrication process described above. The measured stroke increases to 119 um for
a CDPDP flexure with the same dimensions as the previous DPDP flexure. This stroke
was further increased to 141 pm by using reinforced beams with ay=0.2, while keeping
all other dimensions the same. This stroke is 2.82 times higher than the DPDP flexure,
which highlights the superior performance of the reinforced CDPDP flexure compared to
the traditional DPDP flexure. In last two cases, Table 8 indicates that S = 1 or 1.5 may
not be an adequate stability margin when G is small (3 um) and actuation voltage are

relatively higher (> 90V).

As shown previously, the stroke of comb drive actuator can be further improved by
increasing the comb gap G. This is also demonstrated in Table 8, where stroke of 215 um
was obtained using a CDPDP flexure with beam length of 1 mm, comb gap of 4 um, and
ap=0.2. The benefit of beam reinforcement is also evident here. With an identical design,
the experimentally measured stroke is 170 pum and 157 pm for ay=0.3 and ay=0.4,
respectively. Finally, a large stroke of 245 pum at 120V was obtained for a CDPDP

flexure with beam length of 1 mm, ay=0.2, and comb gap of 6 um.

In the last four designs, given the larger comb-gap, a stability margin of S =1 or 1.5
appears to be adequate. In fact, an even smaller stability margin may also be considered
because, in these cases, the experimentally measured stroke was limited due to a Y
direction pull-in as opposed to the X direction snap-in considered in the design

procedure.
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Table 8: Comb-drive actuators that were designed, fabricated, and tested. All dimensions are in

micrometers.

Predicted/Designed
Tl TN LT L L LW W W Hoa s Mo v
S=0 S=1 S=15
DP-DP 3 6 50 150 4 1000 - - 400 250 - 50 05 59 50 47 50 85
C-DP-DP 3 9 80 210 4 1000 1000 430 790 250 240 50 0.2 228 191 181 141 95
C-DP-DP 3 7 80 180 4 1000 1000 430 790 250 240 50 05 164 138 130 119 90
C-DP-DP | 4 8 70 240 3 1000 1000 430 810 250 240 50 0.2 272 230 218 215 104
C-DP-DP 4 7 70 210 3 1000 1000 430 790 250 240 50 03 224 188 178 170 91
C-DP-DP | 4 7 70 190 3 1000 1000 430 780 250 240 50 0.4 202 169 160 157 91
C-DP-DP | 6 8 100 290 3 1000 1500 430 875 300 360 50 0.2 341 287 271 245 119

The symmetrical K,/K, stiffness profile of the CDPDP mechanism allows bi-directional
actuation, and therefore twice the actuation stroke (~500 pm) for approximately the same
device footprint and actuation voltage. For unidirectional operation, the stroke can further
be improved by pre-bending the beams of a CDPDP flexure. Compared to the DPDP
case, here the maximum pre-bend limit is much higher, while maintaining S=1 (Refer to

Appendix E for the derivation):

(5.39)

ypr

For typical dimensions (L=1 mm, G=3 um, a;=0.2), this allowable pre-bend is as large as
400 um, which in theory could lead to a Y displacement of approximately 500 um at
snap-in. Thus, ultimately the flexure and the comb drive may be designed such that the
actuation stroke is limited by the material failure criteria or the available actuation

voltage, instead of sideways snap-in instability.

Stroke Comparison

While a direct comparison of the actuation stroke with previously reported comb-drive
actuators is tricky because of the many variables (beam length, comb gap, maximum
voltage, device footprint, etc.) and specific application based constraints involved, we

present a simple analytical basis that provides some level of comparison.
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At large displacements, we can approximate the bearing direction stiffness of the CDPDP

mechanism by equation (5.27). With this stiffness, equation (5.24) can be rewritten as:

(U b )3 - (éj 6J (k<°> )3 k_ffz) (1+9) (ergax)(TLT - (540)

11

Here S is no longer assumed to be 1 instead, it is retained as a function of the error
motions Ey, given in (1.16). It can be separately shown that for most flexure mechanisms
based on the parallelogram module (e.g. P, DP-DP, C-DP-DP, etc.) that are used in
comb-drive actuation, a relation analogous to the above equation can be derived.
However, for devices with pre-bend, the above relation has to be revised. We can still
neglect the elastic stiffness term (//k;;) w.r.t. the elasto-kinematic term to obtain a

relation similar to that in equation (5.27) (Appendix EAppendix E):

2
K, ~ (2 E';Zj _4L2 o (5.41)
L (Uy_prr) ki3 (aO)

Thus, equation (5.40) can be rewritten as:

2 & -2 ) LY
Uy o (U nax Y r ) :(Ej 6 \/(kff)f O es) (Nvmax)(?) L (542

The goal is to maximize the left hand side of the equation for a fixed set of device and

material parameters N, V, L, T, ¢ and E. This implies comparing the second non-
dimensional term on the right hand side of the above expression which entirely captures
the flexure stiffness and error motion properties. As all of the devices that we are
considering are silicon based and operated in air, the permittivity and young’s modulus
do not vary significantly and hence are included in the second term. Thus, in figure, we
plot (Uy|max (lemax-prr)z)I/j vs (NV2,ll1T"” for in-plane comb-drive actuators

reported in previous literature. The performance of a given device can be estimated by
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comparing the slope that it makes at the origin of the plot. The Figure 79 shows a

significant performance improvement offered by the CDPDP mechanism.

DP-TDP Optimization

For this device, we would consider a layout shown in Figure 71 similar to that used for
the CDPDP actuator in the previous section. As before, we can use the rigorous
numerical optimization method to come up with the dimensions of the device. As
mentioned before, this mechanism exhibits finite error motions and hence, none of the
simplified snap-in conditions (equations(1.6), (1.7) and (1.14)) can be used in this case.
Therefore, we would have to resort to using the numerical solution procedure
summarized in chapter 1 (equations) to obtain the stroke at snap-in. Moreover, we would
have to include finite element analysis in the optimization loop as well to calculate the
stiffness and error motions of the mechanism for every set of parameters (W;, W5, a, p, T,
ap, L). Needless to say, this increases the complexity of the problem several fold. A
closed form parametric solution for the characteristics of the flexure mechanism can

simplify the solution procedure significantly.
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Figure 71: The DP-TDP comb drive actuator layout

We would not pursue the above approach here but use a fairly simplified graphical
method to arrive at an approximate solution. Only the tilt angles a and f are chosen as
variables and the rest of the dimensions of the flexure are the same as those considered in
chapter 4. Thus, we can directly use the FEA plots of stiffness and error motions from the
same discussion in the design of this actuator. From these results, we previously
concluded that a value of a close to f would give the best characteristics of the
mechanism. In this section, we take this a step further and with appropriate
approximations, converge on values of a and £ that give near-optimal performance i.e. a
large stroke for low actuator effort. To begin, we choose a sector around the o=f line
such that the x-error motions are less than the gap size. This sector is the shaded region

shown in the contour plot (Figure 72) of Figure 38 for a gap size of 5 um.
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Figure 72: Contour plot of E,(m) for the DP-TDP mechanism. The tilt angles are in radians.

Inspecting Figure 72, Figure 73, Figure 74 and Figure 75, we can further narrow down
the optimal space to a, f>0.1. In this region, Figure 73 shows that £4<0.0005. Assuming
L;and hence L,z for the layout shown in Figure 71 to be around 200 um, we find that Ly
E¢<0.1 pm which is much smaller (<2%) in comparison to the gap size. Referring to
equations (1.9) and (1.10), this implies that we can neglect the effect of the rotational
error motions on the snap-in conditions. Moreover, Figure 76 shows that the ratio
between Ky and KXL2OJJ‘I' is always greater than 5 in the feasible space and hence, for the
first iteration we can use a purely one dimensional model for snap-in. We can thus,
directly plot (Figure 77) the metric given in equation (1.18) i.e. K,/(1 +S)K3y and choose
the configuration corresponding to the maxima in the plot. The maximum occurs at
0=0.14 and f=0.17 radians. For these dimensions, the stroke obtained is  around 154

microns.

Beyond this point, we can redraw plots for the error motions and stiffness at U,=154

microns and obtain new values of the tilt angles and subsequently the updated stroke. We
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can then repeat the process till we converge on a set of tilt angles and the corresponding
stroke. Moreover, we can use the one dimensional snap-in model for the subsequent
iterations as well as none of the assumptions get violated in this displacement range. For
these dimensions, the optimal tilt angles obtained before do not change significantly in

the subsequent iterations.
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Figure 73: Contour plot of E, (in radians) for the DP-TDP mechanism.
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For the actual devices that were fabricated and tested in [36], tilt angles were chosen as
0=0.11 and £=0.141! while keeping all other dimensions the same as before. The
predicted stroke with these dimensions is 141 microns which is not significantly different
from that obtained with a=0.14 and =0.17. The measured actuation stroke at snap-in for
the conventional DP-DP flexure with the above dimensions was 75 pum at 45 volts. The
actuation stroke for a DP-TDP flexure with the same dimensions was measured to be 125
um at 70 volts. As expected, an even higher stroke of 149 pm was measured for a DP-
TDP flexure with the same overall dimensions but using reinforced beams (ay = 0.2). On
comparison with the predicted actuation stroke (Table 9), these experimental
measurements also show that for the DP-DP flexure because of symmetry, a stability
margin of § = 0 is acceptable. However, because of asymmetry in the DP-TDP

maintaining a stability margin of S =1 is necessary.

Table 9: Comb-drive actuators that were micro-fabricated and tested. Comb-drive dimensions are same in

all cases: G =5 um, comb-finger length Ly = 190 um, in-plane thickness T¢ = 6 xm, out-of-plane thickness

H¢ =50 um, and N = 70. Flexure beam length L = 1000 zm and in-plane thickness T = 3 um in all cases.
All dimensions are in microns.

Flexure Designed MeasuredVoltage
Design Wr W2 2 _ Stroke T o (V)
g S=0 S=1

DP-DP 450 250 0.5 76.7 54.2 75 45
DP-

TDP 525 325 0.5 141 122 125 70
DP-

TDP 525 325 0.2 178 156 149 86

1 These values were obtained with a coarser mesh of o and B
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Figure 79: Performance comparison between different comb drive actuators. The references are as follows:
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The performance of these devices is also compared with other comb drive designs in
Figure 79 which shows the improvement offered by the DP-TDP mechanism. It also
shows that the CDPDP mechanism performs marginally better than this mechanism.
However, the DP-TDP mechanism offers some other advantages compared to the
CDPDP mechanism — a much smaller footprint and bi-directional access to the motion
stage. With bi-directional actuation, the net range of motion of this mechanism is twice
that for the unidirectional actuation i.e. about 300 pm. With this stroke, the DP-TDP
mechanism can perform almost as well as the CDPDP comb drive actuator where it might
be difficult to do bi-directional actuation. As before, we can improve the stroke in a

particular direction by pre-bending the beams.

In this section, we looked at how using very simple graphical techniques, we were able to
optimize the DP-TDP mechanism for obtaining a large stroke. Obviously, this isn’t a
global optimum but with this approach we could show the relative improvement offered
by this mechanism over existing designs. It should be noted that this process was also
assisted by some favorable characteristics of the mechanism like small theta error
motions and large rotational stiffness in the region of interest. This might not be true for
other designs in the future and therefore there is a need to devise parametric and compact
criteria for a generalized snap-in as opposed to the numerical approach described in

chapter 1.
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Chapter 7: Conclusions and Future Work

Contributions

The specific contributions of this thesis are summarized below:

1. Development of metrics for comparison of the bearing behavior of single axis
planar flexure mechanisms. These were the range of motion, error motions, the
motion direction stiffness and the bearing direction stiffness. These offer
estimates of only the static or quasi-static performance of the flexure mechanism
with scope for incorporating additional metrics for the dynamic performance
without reformulating the existing ones. A bearing is said to perform well if it
offers a large range of motion, small or negligible error motions, small motion
direction stiffness and large bearing direction stiffness. Moreover, some
applications such as comb drive and voice coil actuators were discussed where

these quantities directly affect the behavior of the devices.

2. These metrics were then quantified for some existing flexure mechanism i.e. the
parallelogram (P), double parallelogram (DP) and lever double parallelogram (L-
DP) for which some additional results were derived based on the existing beam
constraint model. These include expressions for the yield criterion of a flexure
which limits the range of motion and derivation of the error motion and stiffness
characteristics from the force displacement relations derived previously. Where
force-displacement relations were not available like in the case of the L-DP
mechanism, a qualitative analysis of the performance metrics was done using
extensive FEA analysis for various configurations and dimensions of the

mechanism.
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3. Some variations of these flexure mechanisms were also discussed which do not
alter the overall topology of the mechanism like the reinforced beam flexure and
the multi-beam parallelogram. Wherever necessary, additional results were
derived for the metrics of the mechanisms which incorporate these variations.
Moreover, the influence of these modifications on the metrics is also examined to

come up with criteria that can further boost the performance of the mechanism.

4. The non-linear strain energy formulation for flexure mechanism that is consistent
with the beam constraint model was also revisited for the existing mechanisms.
An algorithm was developed to simplify the total strain energy expression for
these mechanisms based on order of magnitude estimates, which were obtained
using the BCM model and/or finite element analysis for the displacement and
dimensional variables involved. This was done in a manner that preserves the
force displacement relations that one obtains by applying the principle of virtual
work on the actual strain energy expression. This algorithm was then applied to
the two-beam and the multi-beam parallelograms to obtain the exact same

expressions that were derived using the BCM model.

5. Force-displacement relations for the CDPDP mechanism were derived using the
direct BCM model. Appropriate assumptions were made wherever required with
justifications to simplify the solution procedure. The obtained relations agreed
with finite element predictions for a wide range of dimensions. The sources for
any discrepancies were also identified and some measures were suggested which
could be used to eliminate them. The relations were extended to incorporate beam
reinforcement and multi-beam parallelograms. Finally, some guidelines were laid
out for choosing the dimensions of the mechanism in order to obtain optimum

performance.
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6. The characteristics of the DP-TDP mechanism were discussed qualitatively using
finite element analysis in a manner analogous to that for the L-DP mechanism.
The difficulties that might be encountered while trying to obtain a closed form
parametric solution were also discussed. Some critical dimensions of the
mechanism were identified and were used in the parametric FEA. Based on the
results, some estimates were made for the optimum choice of these dimensions to

obtain the best possible performance.

7. Detailed design, fabrication, assembly and testing of a low cost, reconfigurable
and high precision setup to directly measure the properties of the CDPDP
mechanism in order to validate the force displacement relations derived before
was discussed. One of the possible configurations is the DPDP mechanism and
therefore, using the same setup, one could show the performance improvement
offered by the CDPDP mechanism. A complete error analysis was done to
examine the effect of fabrication imperfections and measurement uncertainties on

the stiffness and error motions of the mechanism.

8. As a case study, systematic methods to design a flexure mechanism as a motion
guide for a comb drive actuator were laid out with the objective of maximizing
the stroke for given footprint and voltage specifications. With the analytical
framework for the CDPDP mechanism already presented, the design approach for
the CDPDP mechanism was more detailed and deterministic. However, for the
DP-TDP mechanism, due to the lack of parametric results for the stiffness and
error motions, only a first-pass analysis was done with only a few dimensions
chosen as the variables while others chosen almost arbitrarily at the onset of the
procedure. MEMS comb drive actuators based on the device designs obtained

from these procedures were then fabricated and tested as a part of a separate
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project by Dr. Mohammad Olfatnial2. It was found that the CDPDP flexure
offered a very large stroke of 245 microns and the DP-TDP gave a stroke of 145
microns which are about 5 and 3 times respectively larger than that given by the
DPDP mechanism for the same dimensions.

. A need for a reliable metric for the comparison of the performance of different
flexure mechanisms in a comb drive actuator was soon identified. Thereafter, a
metric was defined which offers a good measure of comparison between the
flexure mechanisms that have been considered in this thesis. Based on this metric,
it was found that the CDPDP and the DP-TDP mechanisms offer significantly
improved performance over the previously reported comb drive devices.
Moreover, the CDPDP mechanism performs marginally better than the DP-TDP
mechanism. However, the DP-TDP mechanism makes up for this shortcoming by
offering a lower footprint and bi-directional access to the motion stage, which

might not be possible in the CDPDP mechanism.

Future Work

In this thesis, it was shown how some valuable insights into the nature of a mechanism

can enable us to make some approximations which can significantly simplify the

equations describing the characteristics of the mechanism thereby making closed form

solutions possible in many cases. A theoretical framework has been created which allows

for a lot of scope for future work in this area. Some of the foreseeable work that can be

done to improve upon or extend the ideas that have been presented in this thesis is listed

1. A metric for the dynamic behavior of flexure mechanisms has to be created which

could incorporate resonant frequencies, modes and structural damping. For comb-

12 Department of Mechanical Engineering, University of Michigan, Ann Arbor
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drive actuators this would give a measure of the bandwidth of the device.
Obviously, there is a direct tradeoff between bandwidth and stroke, and with this
metric in place, we could do a multi-objective optimization to maximize the

stroke and the bandwidth instead of just the stroke like we did in chapter 6.

Closed form solutions for the system of equations obtained for the DPDP and the
CDPDP mechanisms by applying the principle of virtual work could be obtained
by applying further approximations on the strain energy expressions for each of
these mechanisms. Also, instead of using the parallelogram as the building block,
one could use the double parallelogram mechanism as a higher level block for
more complex mechanisms. Unlike the parallelogram, the double parallelogram
would be a two input-one output block where the two inputs would be forces at
the primary and the secondary stages and the output would be the displacement at
the primary stage. This would mean that the strain energy would be a function of
the forces at the secondary stage and the displacements at the primary stage.
Alternatively, one could use the principle of complementary virtual work which
would simplify the solution for serial configurations significantly. However, for
parallel systems, as before, the problem would again culminate to solving a
system of simultaneous multivariate polynomial equations in terms of the force
variables which might again prove to be difficult to do in closed form. Hence, for
systems which contain both serial and parallel elements, we have to come up with

a hybrid solution procedure which combines elements from both the approaches.

. An approximate closed form solution for the DP-TDP mechanism can be obtained
for a narrow domain of tilt angles for which the error motions are small. In that
case, the kinematic conflict between the two halves of the mechanism would be
minimal and so would the internal forces and moments. This in turn would mean
that the BCM relations would be valid and can be used to solve for the

characteristics of the mechanism.
164



4. A setup similar to that used for the CDPDP mechanism can be used to validate the
stiffness and error motions of the DP-TDP flexure. In fact, one could use the same
measurement techniques and replace the plate containing the CDPDP mechanism

with a plate carrying a different design.
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Appendix A

BCM COEFFICIENTS AS FUNCTIONS OF BEAM REINFORCEMENT 4,
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Appendix B

JUSTIFICATION AND GUIDELINES FOR APPROXIMATIONS USED IN THE DERIVATION OF

THE STIFFNESS EXPRESSIONS FOR THE CDPDP MECHANISM

Rotational stiffness of the clamp parallelograms (Equation (4.5))

Using equation (3.35), the non-dimensional rotational stiffness for the parallelograms in

the clamp would be given as:

_EH,T? 2

Ko = 12L, T2 U2
3 x1 k(2)
[12@ [Lﬁj ; J

Using equation (4.9) for U,; and obtaining the ratio between the elastic and the elasto-

(B.1)

kinematic terms in the denominator:

Elastic T T 16t (8.2)

Elasto—kinematic 1202k 2\)? D\2 (2
1202 ki 12[1 k<l>£UyD @ 3(k) k2
2 11 4|_ 11

Using the estimates given in Table 3, this ratio comes out to be of the O(10%) and hence,

we can neglect the elasto-kinematic component.

Motion direction stiffness of the clamp parallelograms (equation (4.6))

Using equation (3.32), the motion direction stiffness of the clamp parallelograms can be

written as:

EH,T; 12F 12
Ky ==t (Zkff) +kf?[ - (B:3)
LS 3'3

The force Fy; can be obtained using equations (4.11) and (4.20):

_[EHT3J nfkiu,
molne ) o(n+ak?)

Obviously, this force is largest when =00 when its value is given by:
169

(B.4)



EHT?® @
I:yl |max: (WJ kall uy (BS)

Substituting this value in equation (B.3) and comparing the two terms, we get:

Nominal _  2k{  (LY)(HT (8.6)
Stiffening 0_5(kﬁ>)z fu L) LHT

Using some typical values given in Table 3 and a value of L3=0.6L (which does not cause
appreciable stiffening in the motion direction of the entire mechanism), this ratio comes
out to be of O(10%) which implies that the stiffening term can be neglected from the

motion direction stiffness.
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Appendix C

UPPER BOUND ON THE CLAMP EFFECTIVENESS IMPOSED BY FINITE ROTATIONAL STIFFNESS

OF THE DP UNITS IN THE CDPDP MECHANISM

In the derivation for the bearing stiffness of the CDPDP mechanism, we imposed no
constraints on the maximum value that the effectiveness can take, assuming that we can
make it arbitrarily large with #—o0. However, this is not true and we would see shortly
that the maximum effectiveness of the clamp is directly related to the rotational stiffness
of the DPDP unit that it is meant to constrain. This effect explains the small

discrepancies between the stiffness predicted by the model and FEA (Figure 33).

The primary assumption that we made in the closed-form derivation of the bearing
stiffness was that the rotational stiffness of the DP units is very large, so large that the
rotation of the secondary stage is negligible compared to that of clamp (6.;, 6.,<< 6.3).
This is true for small values of effectiveness but fails for larger values when the rotational
stiffness of the clamp becomes comparable to that of the DP units. This scenario is

depicted in Figure 34.

To simplify the analysis, we assume symmetry between the two halves of the mechanism
1.e. 6.;= 6,,. Moreover, we can say that equation (4.4) still holds approximately. Thus,

rewriting equation (4.5):

2 (T2 )(12M, 2 (aT2)(12M,
(QZS_HZZ)ZZbZ 60 g 2%3 :(923_021): I-32 aO 2 153
A L EH,T, 2W,"( 6L EH,T, (C.1)
, .
= le = MZZ = EH3CT3W3 (623 _Hzl)
L,

Now, the moment M,; applied on the secondary stage results in a rotation 6,;. The

rotational stiffness of the secondary stage with the primary stage constrained is simply
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given as the sum of the rotational stiffness of the outer and the inner parallelograms of the

DP unit i.e.

e (T2, o (ULE)) [ (T e (UL (12M,L
(2\,\/12 [W_kfl)(ao)(Tj JJ +£W[¥_@1)(%)(T] ]J 9z1~( EHT? )(C'Z)

Assuming that the clamp constrains the Y-displacement of the secondary stages to close

to half that of the primary stage i.e. U,;=0.5U,, we can rewrite the above equation:

3M L 1 T? u;
eﬂz(EHTlsjuwhwzj( ?,a0 _kl(lz)(a")%D:KM“ (©3)
1 2
Substituting this relation in equation (C.1), we get:
[ EH, T W, ]
a,L,
1= - 2 z3 (C4)
(1+K EH,TW, J
3L,

Finally, using equations (4.3) and (4.4) while neglecting the contribution of F,;, we get:

[EHSTSWSZJ
_ ang (U y2 _Uyl)
" [1+,< EH3T3W32] 212
a,L,
C5
(EHSTSWf] (€5)
L, 6L°
= f)’l = Nest (uyl_uy2)777eff = [ EH3T3W32J£EHT3L§j
13353
L,

This shows that as we make the rotational stiffness of the clamp very large, the actual
effectiveness becomes proportional to the ratio //x which is the rotational stiffness of the
DP units at the secondary stage. Figure 80 shows the comparison between the FEA and

the theoretical values with the revised expression for effectiveness (equation (C.5)) for
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the same dimensions used for the case shown in Figure 33. The error between the two is

less than 5% at a normalized y displacement of 0.15 for different values of effectiveness.
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Figure 80: Bearing stiffness of the CDPDP mechanism with a revised value of effectiveness. w;=0.3,
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Appendix D

NOTES ON THE CENTER OF STIFFNESS OF THE CLAMPED PAIRED DOUBLE

PARALLELOGRAM MECHANISM

Location of the COS

The CDPDP mechanism with a possible offset between the centers of the primary and
secondary stages, shown in figure is used for this analysis. In order to simplify the
analysis, we would only consider the case of a near-ideal clamp such that U,;=U,,=0.5U,.
With this assumption, we can remove the clamp from figure and replace it with

appropriate forces (given by equation (3.69) for a DPDP mechanism) and moments given

by:
—_u k®
fyl LIykll fxll (Dl)
m,=T1,
Clamp
f*l\ ****** ] J\'*j
| 2 [
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Figure 81: The simplified model of a near-ideal CDPDP mechanism

Rewriting equation (3.52) for this configuration:
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1 k33

1 1 2
+— ——(0.5Uy) kl(lz) (_m222 _O-5uy(2k1(§) - fx22kl(;)))
2W2 33

(D.2)
Moreover,

02 |DP1: ‘9z |DP2 (D-3)

In order to calculate the center of stiffness, we would apply a force f. at different
locations on the primary stage and determine the location at which 6. goes to zero. We
can resolve this force to a force f, and a moment -f.d applied at the center of the stage
where d is the distance of the force from the center of the primary stage. Thus, using
results derived in Chapter 4, we have:

m,;, +MmM,,, =—f,d

X

fxll = fx22 = 05 fx

kD f (D.4)
f . =k (1+Mju '
y 4(k§(f) y
k)
fi0 = kl(f) [JﬁMJU
y a? |
Equations (D.1) to (D.4) can be solved to obtain:
0, =1 ( p(wl,wz,Woﬁset,t,uy)+q(wl,wz,Woﬁset,t,uy)d)+O( £7) (D.5)

Using the definition of the COS:
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92 = O = fx ( p(Wl’WZ’Woffset’t'uy)+q(W1’W2’Woffset't’uy)dcos)+o( fxz)
N _p(Wl1W21Woffset,t’uy) (DG)

q (Wl’ WZ ! Woffset,t’ uy )

=d

~
Cos

Where the functions p and g are given below:

D (W W, W U, ) = =(L= 0.25K( ko) (WY + W2 ) (W (0-25-0.0625K ko7
+u,(0.125+0.125k ;) — (0.03125+0.03125k} )k Pk ,uZ))wi  (D.7)
+k{u, (0.125-0.03125k{"k,u? ) (W, +W2))

0 (W, Wy, W 1, U ) = (=0.25 = kPk;u? (~0.125+ 0.015625k ; k,,u2 ) W +
(=0.5— k{Pk,u2 (~0.25+0.03125k Tk ,u2)) wiws + (D.8)
(-0.25— k{Pk,u? (-0.125 - 0.015625k Tk ,u2)) wj

This closed form result matches very well with corresponding FEA results as shown in

Figure 82.
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Figure 82: Comparison between theoretical (linear model) and FEA COS for w;=1.0, w,=0.8,

t=0.0123,w=0.1, wz= 0.5, [;=0.3. Almost no sensitivity was observed w.r.t. f,.
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Figure 83: Special case of the CDPDP design.

For the case shown in Figure 83, an extra moment would be applied on each double
parallelogram by the motion direction force F), and this moment would be given by:
AM, =0.5F,,,C, (D.9)
Using the same procedure as before, the new center of stiffness would be given by:
W, (kﬁ) +1) W
(W +w2) | 2(w +w)
(D.10)

The higher order u, terms were observed to be small enough to be ignorable.

W,

offset

dcos (Wl’ WZ ' Woffset ! C| ’t’ uy) ==

~(05-0.25¢ )k} ~05(k;) +1) [u, +O(u?)

X-direction displacement at COS

In our derivation of the axial stiffness of the CDPDP mechanism, we neglected the
contribution of the rotation of the parallelograms in the x-direction relations i.e.
approximate decoupling between the x,y and @ direction relations. However, for the case

shown in Figure 83, this might not be true due to the presence of an offset between the
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COS of outer parallelogram and the location of the COS of the CDPDP mechanism on

the primary stage. This scenario is shown in Figure 84.

Figure 84: Right half of the CDPDP mechanism when a force is applied exactly at the COS

Using the previous analysis for determining the location of the COS, the rotation 6.; of
the secondary stage can be easily calculated!3. The additional displacement U,y would

then be:

Uy = 921 (_dlcos + Wottset T O'5uy + dcos) (Dll)
= ux = ux—decoupled + uxH

Where d;.,s is the location of the COS of the outer parallelogram. In order to calculate
this, we can rewrite equation (3.3) for the rotation of the parallelogram and equate it to

Z€r0.

13 The equation is too long to be listed here. It can be found in ¢’
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k33
0.5u, (2ky’ — f,.k%)  0.5u,(2k3’ —0.5k)
j— = =
teos f o 0.5f,

(D.12)

Moreover, d.,; is COS of the CDPDP mechanism. Using equation (D.11), the new
theoretical value of the stiffness for an applied force f, is:

fy (D.13)

X |corrected -
fx
k | _UXG
x luncoupled

Where kiluncoupiea 18 given by equation (4.30). For the design shown in Figure 51 the x-

k

direction stiffness is plotted in Figure 85. The FEA stiffness and the closed-form stiffness
(given by equation (D.13)) match to within 5%.

7
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Figure 85: Closed form and FEA x-direction stiffness for the CDPDP design used in the experiment (Figure
51)
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Appendix E

DERIVATION OF THE LIMIT ON PRE-BENDING FOR COMB DRIVE ACTUATORS

For the x-direction stiffness of the pre-bent CDPDP configuration (with a pre-bend of
U,,), we can use an approximation similar to that given by equation (5.27). However, the
limit on the thickness would now be lower than that given by equation (5.26). Assuming
that the thickness is larger than this limit so that the ratio between the elastic and elasto-
kinematic terms is larger than 5% but still lower than 10%, or in other words, the elastic

term is € times (where 0.05<e<0.1) the elasto-kinematic term at the snap in point U, |nax

ie.
2
El 1 1 Uy e —Uyor
= L3ZZ 2 X :_8( V 4 =) Sy
1 _(uy |imax —prr) (@ 33(a0)
ks (35 4 1 (3) (E.1)
2
M (0, |y -0 )2_1 o TN —L_J4L)2k<2>(a)
y max4 ypr kl(f)(ao)(SJrl) y Imax ypr 11 0

Using the above relation along with the motion direction stiffness given by equation

(5.23) and the axial snap-in criterion given by equation (1.16) with no initial overlap, we

get:
(Uy |maX )2 _4L2
2(1+S)T=(1_‘9) 2120
(Uy |max U ypr) kll kll
, ) 2(1-¢)G?L”
= (U ) (U b V) =~ e €2)
2(1-£)G*L |
:>Uy |max (Uy |max —prr)=—\/_(1+s)w

2 2(1_8)G2L2
= (U, b ) Uy I i\/_m i

The determinant of this quadratic equation is given by:
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. J 4 JM €3

(1+8)k k!

The equation will only have two roots i.e. two intersections only (Figure 66) if one of the

determinants is imaginary. This implies that:

U2 <4J_ 2(1-¢)G2L*

TN (S)kik?

:>U <2 G|_ _ﬂ
P (1+S) kY

Therefore, the critical pre-bend is given by:

(E.4)

2(1-¢) 32
U =2 |GL |-————— ~(1-0.25¢) |GL |-——F+— E.5
b J J sy ™! “J J ars@

This shows that for an £€=0.1, the error in the critical pre-bend is less than 2.5%.

For the DPDP mechanism, the critical pre-bend would be exactly similar with the elasto-
kinematic term k;;,” getting replaced by the equivalent term for the DPDP mechanism

(equation (3.63))i.e.:

32
ypr |critz GL (E6)

]
k(©)

11

U

(rs) K+ L [
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